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ABSTRACT
Color D etection  and 3D R econ stru ction  for Hand Pose E stim ation  as 
Part o f  an HCI S ystem
by
M a ria  B e a triz  T e rue l
D r. Evangelos A. Y fa n tis , E x a m in a tio n  C o m m itte e  C h a ir 
P rofessor o f C o m p u te r Science 
U n iv e rs ity  o f Nevada, Las Vegas
The m a in  focus o f th is  thes is  is to  give a de ta iled  d e s c rip tio n  o f 
techn iques  and  m e thodo logy  im p le m e n te d  fo r  fe a tu re  e x tra c tio n  and  
th re e -d im e n s io n a l re c o n s tru c tio n . The a lg o r ith m s  were developed as 
p a r t o f a p ro je c t w hose m a in  ob jec t is  the  g ra p h ic a l th re e -d im e n s io n a l 
m ode ling  o f th e  gestures o f a h u m a n  h a n d . The p ro je c t its e lf  com prises 
several steps, n am e ly , cam era  c a lib ra tio n , h a n d  fe a tu re  e x tra c tio n , th re e - 
d im e n s io n a l re c o n s tru c tio n , and  c o m p u te r g ra p h ics  m o de ling  o f the  
han d . E x p e rim e n ta l re s u lts  o f th e  fe a tu re  e x tra c tio n  a nd  th re e - 
d im e n s io n a l re c o n s tru c tio n  w il l  a lso be p resen ted .
I l l
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A C KN O W LE D G M E N TS
F irs t a nd  fo rem ost, I w o u ld  lik e  to  th a n k  m y  adv iso r. D r. Evangelos A. 
Y fan tis , fo r h is  u n fa il in g  s u p p o rt a nd  co n s is te n t gu idance  th ro u g h o u t m y 
academ ic experience a t UNLV.
1 am  ve ry  g ra te fu l to  D r. A jo y  D a tta , D r. W olfgang  B e in , a nd  D r. D av id  
C osta  fo r ta k in g  tim e  o u t o f  th e ir  b u s y  schedu les to  be m em bers  o f m y  
com m ittee .
1 w o u ld  lik e  to  th a n k  m y  fa m ily , fo r  th e y  are an  end less source  o f 
s u p p o rt, enco uragem ent, a n d  u n c o n d it io n a l love. They m ean  eve ry th in g  
to  m e, a nd  none o f th is  w o u ld  have been poss ib le  w ith o u t  th e m  b y  m y 
side. To m y  b ro th e r  L u is  a n d  m y  li fe -s is te r ’ D esiree 1 owe m y  be ing  here 
w r it in g  these lin e s ; th e ir  p resence is  th e  fu e l o f m y  life . S ince the re  are 
n o t enough w o rd s  fo r  m e to  express m y  love a nd  g ra titu d e  fo r m y  fa th e r, 
1 s h o u ld  be sa tis fie d  w ith  sa y in g  “ 1 love y o u  D ad, y o u  are m y  w o r ld ” . 1 
owe eve ry th in g  1 am  and  e v e ry th in g  1 have a ccom p lishe d  to  m y  w o n d e rfu l 
fa m ily  and  m y  m o th e r ’s e ve r-p re sen t fo r t itu d e . 1 a lso  w a n t to  th a n k  m y  
cous ins  L u is  and  G ustavo  B la n d o  w hose b e lie f in  m e s ince  day one m ade 
a ll o f th is  poss ib le . 1 w i l l  a lw ays be g ra te fu l fo r  th e ir  s u p p o rt a nd  
un rese rved  h e lp  a lo n g  a ll these  years.
V lll
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Last, b u t  n o t least, 1 w a n t to  take  th e  tim e  to  th a n k  each and  every 
one o f m y  dea r fr ie n d s ; th e y  are a lw ays a ro u n d  to  le nd  a  h a n d  o r a  p a ir  
o f w il l in g  ears. To m y  dea rest fr ie n d  R am zi E lk h a te r  1 w a n t to  th a n k  fo r 
a ll h is  c o n s ta n t ass is tance  a nd  encou ragem en t th ro u g h  th ic k  and  th in ,  
as w e ll as fo r h is  th o ro u g h  p ro o f-re a d in g  o f th is  thes is . 1 w o u ld  n o t have 
been able to  m ake  i t  o u t o f th is  process in  one piece w ith o u t h is  
u n re le n tin g  s u p p o rt a nd  con fidence  in  m e. To O ksana  K u b u s h y n a  fo r  
h e r read iness to  h e lp  regard less o f  h e r b u s y  a nd  c razy  schedu le , th a n k s  
fro m  the  b o tto m  o f m y  h e a rt, 1 w o u ld  n o t have m ade i t  w ith o u t y o u r  he lp , 
y o u  are the  coo lest. 1 w o u ld  lik e  to  th a n k  m y  fr ie n d s  J o h n  Is tle  and  
Pam ela M a n d e lb a u m  fo r  th e ir  eagerness to  h e lp  a n d  lis te n . Specia l 
th a n k s  go to  th e  ‘Young Kid from  the Wes f ,  a lso  k n o w n  as K r is ta l Sauer. 
H e r con tag ious  p e rk in e ss  a n d  good s p ir its  b ro u g h t new  life  to  the  p ro je c t, 
and  h e r w illin g n e s s  to  le a rn  m ade te a ch in g  h e r an  en joyab le  ta sk . 1 w i l l  
a lw ays be g ra te fu l to  K r is ta l fo r  h e r p ro fic ie n t, m e tic u lo u s , a nd  
in v a lu a b le  h e lp  in  asse m b lin g  a nd  p ro o f re a d in g  th is  m a n u s c r ip t.
IX
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CHAPTER 1 
IN TR O D U C TIO N
H a nd  gestu res are v ita l to  h u m a n  in te ra c tio n , w h ic h  endows the  fie ld  
o f h a n d  gestu re  re c o g n itio n  (HGR) w ith  p a ra m o u n t im p o rta n ce  in  su ch  
a p p lic a tio n s  as ro b o t v is io n  a nd  m a n -m a c h in e  in te ra c tio n . G iven the  
m a n y  fa s c in a tin g  a p p lic a tio n s  a nd  cha llenges p resen t, a s ig n if ic a n t 
a m o u n t o f  resea rch  has been d ire c te d  to w a rd s  so lv ing  th e  p ro b le m  o f 
HGR. Some im p o r ta n t c o n s id e ra tio n s  w h en  p la n n in g  an a p p ro a ch  
invo lve  the  se lec tion  o f c r ite r ia  fo r recogn iz in g  the  h an d . A lso, i t  m u s t be 
de te rm in e d  w h e th e r the  a lg o r ith m  s h o u ld  invo lve  su p p le m e n ta ry  im age 
p rep rocess ing  te chn iques .
The a lg o r ith m  we w i l l  p re se n t in  th is  th e s is  has been developed as 
p a r t  o f the  resea rch  in  p rogress a t th e  C o m p u te r G rap h ics  a n d  Im age 
Processing L a b o ra to ry  a t the  U n iv e rs ity  o f Nevada, Las Vegas. T h is  
research  p ro je c t is  s u p p o rte d  b y  N ASA ', a nd  its  m a in  goal is to  develop 
an  e ffic ie n t a p p lic a tio n  fo r H u m a n -C o m p u te r In te ra c tio n  (HCI) in  v ir tu a l 
env iro nm en ts^  w hose m a in  p rem ise  is  be ing  n o n -invas ive . O u r v ir tu a l
' NASA Space G rant/EPSC oR : “D evelopm ent o f a  N ationally Com petitive Program in  
C om puter V ision T echnologies for Effective H um an-C om puter Interaction in  V irtual 
Environments"
2 For m ore inform ation refer to http: /  /b io v is .a rc .n a sa .g o v /v is la b /v g x .h tm
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e n v iro n m e n t is  m ode led  by  u s in g  a  cus to m -m a d e  box  w h ic h  is re fe rred  to  
as the  V ir tu a l G loveboX (VGX). O u r  a im  is to  develop a m e th o d  in  w h ic h  
the  sub je c t is  u n h a m p e re d  b y  a n y  k in d  o f feedback-fo rce  device. In  
p a r t ic u la r ,  we w a n t to  d e te rm in e  th e  m o tio n  o f the  h a n d  so le ly  fro m  
im ages ta k e n  fro m  th e  m ovem en t o f th e  h a n d  w here  the  su b je c t w ears, a t 
m ost, a p a ir  o f o rd in a ry  gloves w ith  co lo r m a rk e rs  s tra te g ic a lly  loca ted . 
In  o u r  app roach , th e  3D  co o rd ina tes  o f the  cen te r o f m ass o f the  m a rk e rs  
are d e te rm ined  a nd  la te r  used  to  re n d e r a  3D  m ode l o f th e  h an d . T h is  is 
accom p lished  b y  m eans o f th e  fo llo w in g  tasks : v ideo a c q u is itio n , m a rk e r 
de tection , 3D  re c o n s tru c tio n , a n d  m ode ling . O u r ob jective  is  to  com ple te  
a ll these tasks  w ith  m in im a l e rro r. A lth o u g h  m ore  resea rch  is u n d e rw a y , 
the  re s u lts  so fa r  ob ta in e d  c le a rly  show  th a t  o u r  a lg o r ith m  is  q u ite  ro b u s t 
desp ite  the  m a n y  p o te n tia l sources o f e rro r.
The o u tlin e  o f th is  thes is  is  as fo llow s. In  C h a p te r 2, we w i l l  give an  
overview  o f o u r  p ro je c t and  in tro d u c e  th e  m a in  com ponen ts  o f o u r  
system . C h a p te r 3 in c lu d e s  b a c k g ro u n d  in fo rm a tio n  necessary fo r the  
u n d e rs ta n d in g  o f co n te n ts  in  la te r  chap te rs . In  C h a p te r 4, we delve in to  
the  specifics o f the  fe a tu re  e x tra c tio n  phase, w h ile  C h a p te r 5 com prises  
the  de ta ils  o f o u r  3D  re c o n s tru c tio n  a lg o r ith m . In  C h a p te r 6 , we b r ie f ly  
describe o u r  3D  h a n d  m ode l as w e ll as the  co n n e c tio n  betw een the  
fea tu re  e x tra c tio n  a n d  the  re n d e rin g  o f th e  h a n d  m ode l. F in a lly , C h a p te r 
7 p resen ts  th e  reade r w ith  th e  p ra c t ic u m  a nd  e xp e rim e n ta l re s u lts ; and  
in  C h a p te r 8 , we im p a r t  o u r  co n c lu s io n s .
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CHAPTER 2
PRO JECT DESCRIPTIO N 
As m e n tio n e d  above, th e  goa l o f th e  NASA V ir tu a l G loveboX P ro ject is  
to  develop an  e ffic ie n t a p p lic a tio n  fo r H u m a n -C o m p u te r In te ra c tio n  (HCI) 
in  v ir tu a l e n v iro n m e n ts  w hose m a in  p rem ise  is  be ing  non -invas ive . The 
VG X s im u la te s  th e  glove box  th a t  w i l l  be used  in  th e  In te rn a tio n a l Space 
S ta tion , w h ic h  w i l l  soon p rov ide  a resea rch  fa c il ity  fo r  s tu d y in g  the  lo n g ­
te rm  effects o f  m ic ro g ra v ity  on  liv in g  system s. S ince th e  VG X w il l  be 
used  to  ass is t in  ea rth -b a se d  t ra in in g  fo r  these e xpe rim e n ts , i t  has been 
designed to  p rov id e  a  re a lis tic  and  fu lly  im m ers ive  t ra in in g  e n v iro nm en t.
The V G X  system  assem bled  b y  th e  U N LV CG IPL team  cons is ts  o f tw o  
com ponents :
H a rdw are  C om ponen t:
i. G loveboX,
ii. C am eras,
i i i.  V ideo  C a p tu re  C ard ,
iv . C o m p u te r.
S o ftw are C om ponen t:
i. V ideo  C a p tu re  M odu le ,
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ii.  Fea tu re  E x tra c tio n  M odu le ,
ii i .  H a nd  M o de ling  M odu le .
The goal o f o u r  p ro je c t is  to  de te rm in e  th e  h a n d ’s m o tio n  so le ly  fro m  tw o  
o r m ore  im ages show in g  its  m ovem en t w here  th e  su b je c t w ears, a t m ost, 
a p a ir  o f o rd in a ry  gloves w ith  co lo r m a rk e rs  p o s itio n e d  a t the  k n u c k le s  
and  th e  b a c k  o f th e  h an d . In  o rd e r to  e x tra c t th e  scene’s m e tr ic  
in fo rm a tio n  fro m  the  p a ir  o f im ages, i t  is  essen tia l th a t  th e  cam eras be 
ca lib ra te d  [1, 2, 3, 4, 5]. T h a t is , a ll th e  in tr in s ic  cam era  pa ram e te rs , 
w h ic h  de te rm in e  th e  in te rn a l s tru c tu re  o f th e  cam era, as w e ll as the  
e x tr in s ic  cam era  pa ram e te rs , w h ic h  are d e te rm in e d  b y  the  abso lu te  
p o s itio n  o f th e  cam era  w ith in  o u r  G loveboX  m u s t be com pu ted . T h u s , 
kn o w in g  th e  cam era  pa ra m e te rs  a llow s u s  to  re c o n s tru c t th e  3D  
coo rd ina tes  o f th e  m a rk e rs  on  the  h a n d  based exc lus ive ly  on  the  
know ledge o f th e ir  lo ca tio n s  in  th e  im ages.
As p a r t o f o u r  research , we deve loped a cam era  c a lib ra tio n  a lg o r ith m  
ta ilo re d  to  o u r  p ro je c t’s needs. O u r a lg o r ith m , w h ic h  is  based on the  
geom etric  p ro p e rtie s  o f th e  cam era  a n d  pe rspective  p ro je c tio n s , p rov ides 
a closed fo rm  s o lu tio n  fo r th e  cam era  pa ram e te rs . T h u s , i t  requ ire s  lo w  
tim e  and  space com p le x ity . S u ff ic ie n t te s tin g  has a lso p roven  its  h ig h  
level o f a ccu ra cy  a nd  ro b u s tn e ss . A n  in -d e p th  d e s c r ip tio n  o f o u r  
c a lib ra tio n  a lg o r ith m  is  g iven in  [6 ].
In  w h a t fo llow s , we w i l l  b r ie f ly  describe  th e  m a in  c h a ra c te r is tic s  o f the  
H a rdw are  a nd  S o ftw are  C om po nen ts  o f o u r  p ro jec t.
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2.1 H a rdw a re  C om ponents 
The U N LV  CG IPL V ir tu a l G loveboX  w as b u i l t  a cco rd ing  to  NASA 
spec ifica tion s  and  s im u la te s  th e  V ir tu a l G loveboX used  b y  NASA (F igure  
2 . 1).
The p ro je c t requ ire s  u s  to  use  m u lt ip le  cam eras. T hu s , we w il l  
em p loy u p  to  e ig h t Pelco® C C C 1370H -2  Series D ig ita l CCD C am eras, 
each w ith  a p ix e l a rra y  o f 7 5 2 x582 .
(a) (b)
F igu re  2.1 : (a) V ir tu a l G loveboX  a t CGIPL, UNLV. (b) NASA ’s G loveboX
p ro to typ e .
S ince o u r  u lt im a te  goa l is  to  re c o n s tru c t th e  3D  coo rd ina tes  o f  the  
h u m a n  h a n d , i t  is  c ru c ia l th a t  th e  cam eras be synch ron ized  since i t  is
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assum ed th a t  b o th  in p u t  im ages are ta k e n  a t the  sam e tim e  and  
rep resen t exa c tly  th e  sam e 3D  scene u p  to  a c e rta in  degree o f noise. 
Therefore , a  fo u r-re a l-t im e -v id e o -d ig itiz e rs  1 6 - in p u t v ideo ca p tu re  ca rd  
p rov id ed  by  S ta tis t ic a l a n d  S o ftw are  A n a lys ts  In c o rp o ra te d  (SSAl)® w as 
used  to  m in im iz e  th e  t im e  de lay betw een snapsho ts . The boa rd  p rov ides 
re a l- tim e  (30 fra m e  p e r second (fps) fo r NTSC a t a  re s o lu tio n  o f 640x480) 
fra m e -c a p tu r in g  c a p a b ilit ie s  fo r  u p  to  fo u r  s im u lta n e o u s  cam eras. D ue 
to  an  o n -b o a rd  s y n c h ro n iz a tio n  c irc u it ,  th e  lag  p re se n t in  cam era -to - 
cam era  s w itc h in g  is  m in im iz e d . The boa rd  in c lu d e s  fo u r  in d epe nden t 
video d ig itize rs  fo r  h ig h  speed w h e n  w o rk in g  w ith  m u lt ip le  cam eras. The 
design is  based on  th e  w e ll-k n o w n  V ideo D ecoder F us io n 8 7 8 A  fro m  
Conexant®, a long  w ith  p ro p r ie ta ry  s w itc h in g  a lg o r ith m s  and  im age 
enh ancem en t capa b ilities^ .
2 .2  S o ftw are  C om ponen ts  
G iven th e  n a tu re  o f th e  NASA V G X  p ro je c t, we have crea ted an  
in tr ic a te  sys tem  w ith  a com p lex  s y n c h ro n iz a tio n  m echan ism . In  o rde r to  
achieve co m p o n e n t in depe nden cy  a nd  re a l- t im e  in te ra c t io n , we designed 
several in d e p e n d e n t m odu les , each o f w h ic h  has a  sepa ra te  ta s k  h id d e n  
fro m  the  o th e r m odu les . S ince d a ta  exchange m a y  e ve n tu a lly  o c c u r 
am ong m odu les , th e  sys tem  is  designed so th a t  in te r-m o d u le  
c o m m u n ic a tio n  is  c a rr ie d  o u t v ia  sys tem -g loba l d y n a m ic  da ta  storage
3 For more inform ation refer to w w w .ssa i.u s
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u n its  im p le m e n te d  as queues. In  fac t, each m odu le  m ay have an  in p u t  
queue and  an  o u tp u t  queue (F igure 2.2).
Camera
H
-> •  Multiple Video 
Capture
Vidcii
Me Video F ra m r Q iieuc
1
Features Frame Queue <-
V
•Image Equalization
• Marker Detection
• 3D Reconstruction
V
•  3D Hand modeling using 
the output o f the 3D 
Reconstruction Algorithm
F igu re  2 .2 : M o d u la r so ftw are  s tru c tu re  designed fo r  U N LV ’s NASA
V G X  Pro ject.
In  th is  th es is , we w i l l  p re se n t a  com prehens ive  d e s c r ip tio n  o f the  
d iverse com pon en ts  com prised  in  th e  F ea tu re  E x tra c tio n  M odu le  a n d  a 
b r ie f  d e s c r ip tio n  o f  its  in te ra c t io n  w ith  th e  H a nd  M odel M odu le .
7
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CHAPTER 3
BAC K G R O U N D  INFO RM ATIO N
3.1 C am era  C a lib ra tio n  
F o r th e  NASA V G X  P ro ject, we adop ted  the  p in h o le  cam era  m ode l [1, 
7]. T h is  is  th e  m o s t co m m o n ly  used  re p re se n ta tio n  fo r dev is in g  a 
m a th e m a tic a l m ode l fo r  the  cam era  a nd  is based on th e  p r in c ip le s  o f
perspective  p ro je c tio n s . U n d e r th is  m ode l, g iven a  p o in t X in  space, its
p ro je c tio n  on to  th e  im age p lane , say p , is  o b ta in e d  by  in te rs e c tin g  th e
ra y  jo in in g  th e  p o in t X a nd  th e  ce n te r o f p ro je c tio n  C (cam era center) 
w ith  the  im age p lane  as show n  in  F igu re  3.1.
Principal Axis
Cam era C enter
Im age Plane
F igu re  3.1 : Perspective  P ro jec tion . 
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Using triangle sim ilarities, one can  derive the  m apping betw een X an d
y. ^  ̂ ^  Y
p. In  fac t, i f  X  = ( X , Y , Z ) , th e n  p = ( / — , /  — , / )  on  th e  im age p lane ,
w here  /  is  th e  d is tan ce  betw een the  cam era  cen te r C a nd  the  p r in c ip a l 
p o in t O (w h ich  is  th e  p o in t o f in te rs e c tio n  betw een the  p r in c ip a l ax is a nd  
the  im age p lane), a n d  is re fe rred  to  as the  Focal Length. T hu s , i t  fo llow s 
th a t  the  m a p p in g  betw een w o rld  coo rd ina tes  and  im age coo rd ina tes  is 
g iven by:
(3.1)
To s im p lify  th e  c a lc u la tio n s , i t  is m ore  conve n ie n t to  express (3.1) u s in g  
hom ogeneous coo rd in a te s  (A ppend ix  A. 1). Indeed , the  use o f 
hom ogeneous coo rd in a te s  (also k n o w n  as p ro jec tive  coo rd ina tes) a llow s 
fo r coalescence o f a la rge  n u m b e r o f tra n s fo rm a tio n s  as w e ll as a ll 
sym m etries  o f th e  p lane . C o nsequen tly , a ll tra n s fo rm a tio n s  cons idered
can  be regarded  as lin e a r  m aps in  th e  space o f t r ip le ts  \_x̂ ,X2 ,x^^  a nd  can
th u s  be expressed in  te rm s  o f m a tr ix  m u lt ip lic a tio n s . A cco rd ing ly , (3.1) 
can  be re w r it te n  as
"A "
Y
Z
/ f .
" A "
Y 7 ^ '
Z
1
f Y
z
/  0 0 0 
0 / 0 0
0 0 1 0
A
Y
z
1
(3 .2)
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In  o rde r to  y ie ld  a m ore  p recise  m ode l fo r th e  cam era, le t u s  note  th a t  
in  F igu re  3 .1 , we assum e n o t o n ly  th a t  th e  axes o f the  im age coo rd ina tes  
space have equ a l scales b u t  a lso th a t  th e  o r ig in  o f coo rd ina tes  in  the  
im age p lane  is  a t th e  p r in c ip a l p o in t. However, th is  m ay n o t be the  case. 
In  fac t, in  m o s t CCD m ode ls, th e  scale in  the  a x ia l d ire c tio n s  m a y  n o t be 
the  sam e, so tw o  new  pa ram e te rs  need to  be in tro d u c e d  to  a c co u n t fo r 
th is  om iss ion . T h u s , le tt in g  a n d  5 ,̂ be th e  scale fac to rs  in  the  x  a n d  y
d ire c tio n s , respective ly , a nd  (ro,Cg) be th e  coo rd ina tes  o f the  p r in c ip a l 
p o in t, (3.2) becom es
(3.3)
A ' 7
Y 7 ^ .  0
^  0
Y
y
= 0  / J , Co 0
7
Zj
z 0  0 1  0
Z j
1 1
Hence, i f  we le t
K  =
0
0
0 0
r, 0 
Co 0 
1 0
we o b ta in
(3.4)p = K X ,
w here  K  is  re fe rre d  to  as th e  Camera Calibration Matrix a nd  the  
pa ram e te rs  / ,  s^, s ,̂, a n d  (rQ,Cg) are re fe rred  to  as the  Intrinsic Camera
Parameters.
Yet, o u r  m a th e m a tic a l m ode l is  n o t a ccu ra te  in  v iew  o f the  fa c t th a t,  
in  F igu re  3 .1 , we assum e the  p o in ts ’ co o rd ina tes  to  be expressed w ith
10
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respect to  th e  o r ig in  o f th e  cam era  coord ina te  system , i.e ., th e  cam era  
cen te r C. However, in  genera l, th e  coord ina tes  o f the  p o in ts  in  space w il l  
be g iven w ith  respect to  a g loba l E u c lid e a n  co o rd ina te  fram e. 
N everthe less, th is  can be eas ily  overeome since the  g loba l co o rd ina te  
system  a n d  th e  cam era  co o rd ina te  system  are re la ted  b y  m eans o f a p a ir  
o f lin e a r tra n s fo rm a tio n s , nam e ly , a ro ta tio n  and  a tra n s la t io n  (F igure 
3.2). Let R a n d  t  be th e  ro ta tio n  a nd  tra n s la t io n  th a t  take  the  g loba l 
coo rd ina te  sys tem  in to  th e  cam era  coo rd ina te  system , respective ly . 
These are re fe rre d  to  as th e  Extrinsic Camera Parameters.
R, t
Global l̂ Worldj 
Coordinate Si/stem
Camera 
Coordinate System
F igu re  3.2 : The C am era  C o o rd ina te  System  w ith  respect to  th e  G loba l
(W orld) C o o rd ina te  System .
11
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In  consequence, g iven X w , a p o in t in  space w ith  coo rd ina tes  in  the  
g loba l co o rd ina te  system , its  coo rd ina tes  w ith  respec t to  the  cam era
coo rd ina te  system , deno ted  b y  X c , are th e n  g iven by
X c = R X w  + 1 .
Therefore , c o m b in in g  (3.4) and  (3.5), i t  fo llow s th a t
R  t Xw  ,
(3 .5)
(3 .6)
w here  Xw denotes th e  hom ogeneous coo rd ina tes  o f  th e  th ree -
d im e n s io n a l p o in t Xw  . T h a t is.
w here  P = K R  t
p  = P  X w ,
is  ca lled  the  Projection Matrix.
(3 .7)
In  w h a t fo llow s.
P' = JC R M  t '  a n d  P" = R M (3 .8)
w ill denote th e  p ro je c tio n  m a tr ice s  fo r cam eras 1 a nd  2 , respective ly .
A  fa m ilia r ity  w ith  the  concep t o f e p ip o la r g e o m e tiy  w i l l  be ben e fic ia l to  
the  reade r s ince  i t  is  o f  im p o rta n c e  in  o u r  re c o n s tru c tio n  a lg o r ith m . 
T hu s , we describe  i t  in  the  n e x t section .
3 .2  E p ip o la r  G eom e tiy  
The e p ip o la r geom e try  is  th e  in tr in s ic  p ro jec tive  geom etry  betw een tw o 
view s [8 , 9]. A m ong  th e  m o s t im p o r ta n t c h a ra c te r is tic s  o f the  e p ip o la r 
geom etry betw een tw o  v iew s are the  fac ts  th a t  i t  depends o n ly  on  the  
cam eras ’ in te rn a l pa ra m e te rs  a n d  re la tive  pose a nd  th a t  i t  is  in d e p e n d e n t
12
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o f the  scene s tru c tu re . In  w h a t fo llow s, a concise d e s c rip tio n  o f  th e  m o s t 
re leva n t concep ts  o f the  ep ip o la r geom etry  w il l  be p resen ted ; fo r in  
C h ap te r 5, i t  w i l l  be necessary to  u n d e rs ta n d  th e  re la tio n  betw een the  
p ro je c tio n s  o f a  p o in t in  space on to  tw o  d iffe re n t views.
Le t Xw G , a n d  p, a nd  be its  p ro je c tio n s  on  Im age 1
(co rrespond ing  to  cam era  1) and  Im age 2 (co rrespond ing  to cam era  2),
respective ly . The goa l is  to  f in d  a re la tio n  betw een p and  p ^ . C learly ,
X w , Pi , P2, a n d  th e  cam era  cen te rs  C and  are co p la n a r (F igure 3.3); 
th a t  is , th e y  lie  in  th e  p lane  n  w h ic h  is  re fe rred  to  as the  epipolar plane.
C
F igure  3.3 ; P lane d e te rm in e d  b y  the  cam era  cen te rs , the  3D  space p o in t 
a n d  its  p ro je c tio n s  on to  th e  respective  cam era  spaces.
13
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M oreover, g iven  th a t  p, and  p^ are th e  p ro je c tio n s  o f Xw, the  rays
e m a n a tin g  fro m  th e  respeetive cam era  centers a n d  pass ing  th ro u g h  pj
and  p 2 n o t o n ly  in te rs e c t a t X w , b u t  th e y  also lie  in  n  .
We can a lso observe, fro m  F igu re  3 .3 , th a t  the  p lane  n  can  be u n iq u e ly  
d e te rm in e d  b y  co n s id e r in g  o n ly  one o f  the  p ro je c tio n  rays (p rovided one 
know s th e  coo rd in a te s  o f the  3D  p o in t  and  one o f its  p ro jec tions) a nd  the  
lin e  segm ent c o n n e c tin g  th e  cam era  centers, w h ic h  is  re fe rred  to  as the
baseline. Le t L, be th e  p ro je c tio n  ra y  de te rm in e d  by  p, a nd  X w . L, is  
p ro jec ted  on to  Im age 2 as the  lin e  M oreover, the  im age o f Xw in  the  
v iew  fro m  cam era  2, i.e p j ,  m u s t lie  on  Hence, i f  one assum es th a t  
p, is  k n o w n , th e  search  fo r  its  m a tc h in g  p o in t on  th e  second v iew  is  th e n  
lim ite d  to  p o in ts  ly in g  on  th e  e p ip o la r lin e  f  ,2 • C lea rly , th e  sam e
a rg u m e n t is  v a lid  fo r  the  re c ip ro ca l case, i.e ., k n o w in g  p j ,  its  m a tc h in g  
p o in t in  th e  f ir s t  v iew  can be fo u n d  v ia  a search  a long  th e  e p ip o la r lin e  
^2,"̂  (F igure 3.4).
4 Notation: I . ,  d en o tes  the epipolar line in  th e  v iew  from cam era j  determ ined by the  
projection ray through a  given point in  th e  view  from cam era i.
14
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Kv
F igure  3.4 : The im age o f  th e  b a c k -p ro j ee tion  ra y  (L,) d e te rm in e d  by  p  in  
v iew  1 d e te rm ines  a lin e  in  the  second v iew  c o n ta in in g  the  p ro je c tio n
p o in t P j.
In  F igure  3 .4 , th e  p o in ts  g, a nd  = (^ 21'^ 22'^ 23) v iew  1 and
v iew  2 , respective ly , are th e  p o in ts  o f in te rs e c tio n  o f th e  base line  w ith  the  
respective  im age p lanes. These p o in ts  are re fe rred  to  as th e  epipoles. I t  
is  im p o r ta n t to  no te  th a t  a ll e p ip o la r lines  in te rs e c t a t the  epipoles. 
M oreover, a n y  e p ip o la r p lane  in te rse c ts  b o th  im age p lanes in  e p ipo la r 
lines.
Therefore , by  u s in g  th e  e p ip o la r geom etry  o f a p a ir  o f v iew s, we reduce 
the  search fo r m a tc h in g  p o in ts  fro m  a tw o -d im e n s io n a l p ro b le m  in to  a 
o n e -d im e n s io n a l p rob lem . T h is  m a p p in g  fro m  th e  tw o -d im e n s io n a l
p ro jec tive  space o f v ie w  1 in to  th e  p e n c il o f e p ip o la r lin e s  th ro u g h  the
15
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epipo le  £-2 in  v iew  2 is  rep resen ted  by  the  so-ca lled  fu n d a m en ta l matrix, 
w h ic h  w i l l  be deno ted  by  F . The fu n d a m e n ta l m a tr ix  can be derived 
a lg e b ra ica lly  in  te rm s  o f the  p ro je c tio n  m a tr ice s  o f the  stereo system , P ' 
and  . T h is  d e r iv a tio n  is due to  G. X u  and  Z. Z hang  [9] a nd  w il l  be 
conc ise ly  p resen ted  in  w h a t fo llow s.
Le t p  be th e  p ro je c tio n  p o in t in  v iew  1. We w is h  to  d e te rm ine  the  
equ a tio n  o f its  co rre sp o n d in g  ep ip o la r lin e  in  v iew  2. As m e n tio n e d  
above, ,̂2 is  th e  p ro je c tio n  on to  im age 2 o f th e  b a c k -p ro je c tio n  ra y  L , . 
However, L, is  th e  ra y  c o n ta in in g  a ll the  p o in ts  in  space th a t  p ro je c t to  
p, ; the re fo re , a n y  p o in t X  ly in g  on  i t  sa tis fies  (3.7), i.e ., p, = P ‘ X .  In  
p a r t ic u la r ,  L, can be th o u g h t o f as the  ra y  in  space go ing th ro u g h  the
p o in ts  C a n d  X  = (P ')^ p, , w here  is  th e  r ig h t  pseudo-inve rse  o f the
m a tr ix  P ’ (A ppend ix  A .2). F o r s im p lic ity , we w il l  denote (P ')^ by  
Therefore , L, is  g iven by
A^(r)=(p'y p ,+ rC ,, r e K  5. (3.9)
Then, is  d e te rm in e d  by  th e  p ro je c tio n s  v ia  P^ o f th e  p o in ts  
X  = (P ' y  p  a n d  C . In  fac t,
(3.10)p ^U p ') p ,
5 The equation o f the line p a ssin g  through p o in ts P and Q can  be represented  by the  
direction P x Q . T h u s, its equation  is given by (?xQ)x , r e R ".
16
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'1 y (3.11)
0 £ 2 2
^23 0 - £ 2 1
- £ 2 2 ^21 0
^12 f ' P , ,
G iven th a t  P^C , = £ 2, (3.10) becomes
A:=k].(p'(p')'p,)=[klp'k')'
w here  [^2 ^  is  de fined  by
[•̂ 2 ], =
(A ppend ix  A .3). T h a t is,
(3.12) 
w here
p = [ [ ^ 2 ] . ^ ' ( ^ ’ y ]  (3.13)
is  th e  fu n d a m e n ta l m a tr ix . C lea rly , F  is  the  m a tr ix  re p re se n tin g  th e  
m a p p in g  F \ p, t->^,2 •
F rom  (3.8), we k n o w  th a t  P^ = and  P^ = K " . However,
to  s im p lify  th e  c a lc u la tio n s , one can  assum e, w ith o u t loss o f g en e ra lity , 
th a t  the  o r ig in  o f th e  g loba l co o rd in a te  system  is  a t C ,, i.e ., th e  o p tic a l
cen te r o f cam era  1. Then , i t  fo llow s  th a t
f n  \
(3.14)
(0 .
P ' = X ' 3̂ ®3xl , P" -  Æ" R  1 t a n d  C =
3x3
1
V ^ y
w here  R  = R ' ( R ^ )  , t  = t ' - R ' ( R ^ )  t ^ ,  I 3 is  th e  id e n t ity  m a tr ix  o f 
d im en s ion s  3 x3 ,  and  is  th e  n u l l  c o lu m n  vector. Then, a cco rd in g  to
(3.13), we have th a t
17
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F = ( X ^ y ' [ t ] ^ R ( x ' ) ' ’ (3.15)
(A ppend ix  A .4). N ext, assum e th e  p o in ts  p, a n d  p^ are m a tc h in g  im age 
p o in ts . Then , we k n o w  th a t  Fp , = f ,2 is  the  e p ip o la r lin e  co rre sp o n d in g  
to  p, in  v iew  2 and  th a t  p^ . Hence, p^ = 0 ; th a t  is
p ^ F p ,  = 0 .  (3.16)
M oreover, i f  p, a nd  p^ are im age p o in ts  s a tis fy in g  (3.16), th e  rays
d e te rm ined  b y  these p o in ts  are co p la n a r, w h ic h  is  a necessary c o n d itio n  
fo r  p o in ts  to  co rrespond . E q u a tio n  (3.16) rep resen ts  one o f the  m o s t 
im p o r ta n t p ro p e rtie s  o f th e  fu n d a m e n ta l m a tr ix  and  is  re fe rred  to  as the  
epipolar constraint.
In  the  c o n te x t o f th e  NASA VG X, we in it ia liz e  o u r  system  by 
c a lib ra tin g  the  cam eras. There fo re , we k n o w  a p r io r i a ll the  cam era ’s 
pa ram ete rs  -  in  p a r t ic u la r ,  th e  cam era  c a lib ra tio n  m a tr ix  K . F rom  (3.6),
we kn o w  th a t  p = K  R I t  Xw ; th u s , i f  K  is  k n o w n , we have th a t
F  'p  = R I t  Xw (note th a t  K  is  in ve rtib le ). The p o in t p  = F  p  is  the
im age p o in t re fe rred  to  as th e  norm alized coordinates o f p . S im ila r ly , the  
cam era  m a tr ix  F  'F  = R I t  is ca lled  the  norm alized cam era matrix. 
Therefore, i f  we c a r iy  o u t th e  d e r iv a tio n  o f the  fu n d a m e n ta l m a tr ix  w ith
the  n o rm a lized  cam era  m a tr ice s  F ' = 
o b ta in  the  m a tr ix
18
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F  = [ t ] ^ R ,  (3.17)
w h ic h  is ca lled  th e  essen tia l matrix. As w ith  the  fu n d a m e n ta l m a tr ix , the  
d e fin in g  e q u a tio n  fo r th e  essen tia l m a tr ix  is  g iven by
p [ F p ,  = 0 ,  (3.18)
fo r a n y  p a ir  o f co rre sp o n d in g  n o rm a lize d  im age p o in ts  p, and  p ^ .
Note th a t s ince  p^ = ( F ' ]  p^ a n d  p^ = Pg , (3.18) y ie lds
fo r any  p a ir  o f  co rre sp o n d in g  im age p o in ts  p^ a nd  p^ . Then,
F = (k ^ )^  E F  = ( f " ) V f ’ . (3.19)
T h is  com ple tes o u r  overv iew  o f e p ip o la r geom etry, a nd  we s h a ll now  
ensue to a d e s c r ip tio n  o f th e  im age a c q u is it io n  stage.
0
19
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CHAPTER 4
FEATU R E EXTRACTIO N 
CCD cam eras acqu ire  im ages b y  e ffective ly  p e rfo rm in g  a pe rspective  
p ro je c tio n  o f  th e  scene u n d e r o b se rva tion  (i.e., th e  th re e -d im e n s io n a l 
w o rld ) on to  th e  im age p lane , as exp la ined  in  th e  p rev io us  chap te r. As a 
consequence, i f  th e  cam era  has been ca lib ra te d , we are able to  com pu te  
the  inverse  p ro je c tio n  w h ic h  w i l l  u lt im a te ly  a llow s u s  to  tra n s la te  im age 
coord ina tes  in to  3D  w o rld  coo rd ina tes .
In  pe rspective  p ro je c tio n , how ever, in f in ite ly  m a n y  d iffe re n t 3D  p o in ts  
w il l  be p ro je c te d  on to  the  sam e p o in t in  the  im age. As F igu re  4.1 show s,
th e  p o in t X i is  p ro je c te d  th ro u g h  th e  p in h o le  to  p in  th e  im age, b u t  any
p o in t a long th e  b a c k -p ro je c tio n  ra y  L  is  a lso p ro je c te d  to  p . T h u s , i t  is
n o t poss ib le  to  re c o n s tru c t th e  3D  co o rd ina tes  o f th e  p o in t p ro jec ted  to  p 
b y  u s in g  o n ly  one c a lib ra te d  cam era , fo r we ca n n o t in fe r  its  dep th . 
N onetheless, th is  p ro b le m  can  be overcom e by  u s in g  a t le a s t tw o  
c a lib ra te d  cam eras, as show n  in  F igu re  4.2.
20
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Xi X2
L
F igure  4 .1 : P ro jec tion  o f p.  A ll 3D  p o in ts  ly in g  on  th e  ra y  L  w i l l  be
p ro je c te d  on to  p .
F igu re  4 .2 : S e t-up  o f tw o  cam eras to  p rov ide  stereo v is ion .
D ue to  th is  fa c t a n d  th e  n a tu re  o f o u r  p ro je c t, o u r  sys tem  w il l  cons is t 
o f m u lt ip le  cam eras (at le as t e ight) so th a t  we can  have stereo v is io n  a t 
a ll tim es regard less o f th e  p o s it io n  o f th e  u s e r ’s h a n d  w ith in  the  box.
21
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
However, in  th e  f ir s t  stage o f o u r  research , o u r  se t-u p  cons is ts  o f on ly  
tw o  cam eras (F igure  4.2). As m e n tio n e d  in  C h a p te r 2, each p a ir  o f 
im ages (one im age pe r cam era) m u s t rep resen t, u p  to  a c e rta in  degree o f 
no ise, the  scene a t the  sam e p o in t in  tim e . T h is  s y n c h ro n iz a tio n  betw een 
fram es is  p e rfo rm ed  by  th e  v ideo c a p tu re  ca rd  (Section 2.1).
W ith  th is  s e ttin g  we m u s t th e n  proceed w ith  th e  f ir s t  o f the  tasks  
tow ards  th e  3D  re c o n s tru c tio n , th a t  is , we m u s t de tec t and  t ra c k  the  
m a rke rs  on  th e  u s e r ’s glove. However, before th e  m a rk e r  tra c k in g  can  be 
c a rrie d  o u t we m u s t in it ia liz e  the  t ra c k in g  system . A ll these ta sks  are 
in c lu d e d  in  th e  M a rk e r D e tec tio n  a lg o r ith m  to  be p resen ted  next.
4.1 M a rk e r D e tec tio n
As we w i l l  show  in  C h a p te r 6 , in  o rd e r to  m im ic  th e  m ovem ent o f the  
u s e r ’s h a n d  w ith  o u r  3D  H a n d  M odel, we need to  o b ta in  the  d ire c tio n a l 
cosines o f each p h a la n x . To de te rm in e  these coo rd ina tes , we chose to  
use an  a rra y  o f co lo r m a rk e rs  p laced  on  th e  b a c k  o f the  p a lm  a nd  the  
jo in ts  o f th e  finge rs . In  o rd e r to  co m p ly  w ith  th e  re q u ire m e n t o f o u r  
app roach  be in g  n o n -in va s ive , we use a  p a ir  o f  re g u la r  ru b b e r  gloves. 
T hu s , the  m a rk e rs  are n o t d ire c t ly  a tta ch e d  to  th e  h a n d , and  no  e x te rn a l 
feedback fo rce  device needs to  be used  (F igure  4.3).
22
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F igu re  4 .3 : H a nd  w ith  co lo r m a rk e rs  used  fo r fea tu re  de tec tion .
The c o m p le x ity  o f the  ove ra ll p ro je c t requ ire s  th a t,  a t any  g iven p o in t 
in  tim e , severa l d iffe re n t ta sks  be pe rfo rm ed . S ince we w a n t o u r  s o lu tio n  
to  opera te  re a l- t im e , we m u s t a t a l l tim es  m in im iz e  th e  c o m p u ta tio n a l 
load. One s tep  to w a rd s  a c c o m p lis h in g  th is  goal w as to  des ign  o u r  
sys tem  so th a t  d iff ic u lt ie s  in h e re n t to  th e  co lo r d e tec tion  p rob lem , su ch  
as b a c k g ro u n d  in te rfe re nce , shadow s, changes in  lig h tin g , e tc., were 
d im in is h e d . Hence, we chose a  m a tte  b la c k  b a c k g ro u n d  w h ic h  p rov ides 
a s im p le  b a c k d ro p  and  e lim in a te s  shadow s o f the  h a n d  and  a n y  o th e r 
s u rro u n d in g  ob jects .
The n e x t s tep  w as to  choose th e  co lo rs  to  be used  on  th e  glove so th a t  
th e  tra c k in g  stage w o u ld  be n o t o n ly  success fu l b u t  a lso e ffic ien t. 
T h e o re tica lly , th e  co lo r va lues  o f red , green, ye llow , a n d  b lue  are to ta lly  
d is tin c t. H ow ever, in  p ra c tice , m a n y  sources o f e rro r, espec ia lly  changes
23
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in  lig h t in g  a n d  c a p tu re  se ttings , in tro d u c e  no ise  th a t  p rec ludes  
a c q u is itio n  o f p recise  va lues. F u rth e rm o re , g iven th a t  th e  u s e r ’s h a n d  is 
in  c o n s ta n t m o tio n  w ith in  th e  G loveboX, the  m a rk e rs  appear to  be 
d iffe re n t shades o f th e ir  o r ig in a l co lo r based on th e ir  p o s itio n  re la tive  to 
the  lig h t  a n d  th e  cam eras. T h u s , a fte r e x p e rim e n tin g  w ith  d iffe re n t 
co lo rs  exposed to  d iverse  se ttings , we es tab lished  th a t  th e  m o s t re s ilie n t 
co lo rs  were red  a n d  green. Because o f th is  a nd  th e  fa c t th a t  o u r  u lt im a te  
goal is  to  es tim a te  a n y  poss ib le  gestu re  o f th e  h a n d , we assigned each 
f in g e r e ith e r red  o r green in  an  a lte rn a tin g  fash io n . G iven th a t,  in  o rd e r 
to  con fo rm  to  the  d a ta  re q u ire m e n ts  o f o u r  th re e -d im e n s io n a l h a n d  
m ode l, we needed to  p lace a m a rk e r  on  th e  b a ck  o f th e  h a n d , w h ic h  is 
ad jacen t to  a ll th e  k n u c k le s  a n d  can, the re fo re , he n e ith e r  red  n o r  green, 
we chose to  use  a b la c k  m a rk e r. The re m a in in g  tw o  m a rk e rs  on  the  b a ck  
o f th e  h a n d  are n e a r the  w r is t  a n d  fa r  fro m  the  k n u c k le s  w h ic h  a llow ed 
u s  to  co lo r th e m  red  a nd  green. I t  is  im p o r ta n t to  no te  th a t  th e  co lo r o f 
the  glove (w hite) s u rro u n d s  the  m a rk e rs , th e re b y  p re v e n tin g  th e  use  o f 
b la c k  fo r th e  b a c k  o f the  h a n d  fro m  c o n flic tin g  w ith  th e  b a ckg ro u n d .
Once the  co lo rs  have been ass igned to  each finge r, th e  m a rk e rs  are 
p laced  so th a t  th e ir  cen te rs  lie  d ire c tly  over th e  ce n te r o f  th e  specified  
jo in t .  As a re s u lt ,  a fte r d e te c tin g  a ll th e  m a rk e r ’s c o n s titu e n t p ixe ls , we 
can com pu te  th e  coo rd in a te s  o f its  ce n te r o f m ass, i.e ., its  ce n tro id , 
w h ic h  are th e n  u sed  as th e  im age co o rd ina tes  o f the  co rre sp o n d in g  jo in t .
24
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A n o th e r s tep  tow a rds  m a in ta in in g  th e  m a n a g e a b ility  o f the  
c o m p u ta tio n a l load  is th a t  o f m in im iz in g  th e  a m o u n t o f im age 
p rep rocess ing . We a cco m p lish  th is  in  la rge p a r t  b y  the  design  o f o u r 
system . Yet, in  o rd e r to  im p rove  the  co lo r d e tec tion  even fu r th e r ,  we 
decided to  in c lu d e  an  e q u a liza tio n  stage (A ppend ix  B . l )  p r io r  to  the  
de tec tion  stage [10, 11, 12]. T h is  phase s ig n if ic a n tly  enhances th e  co lo r 
de tec tion  w ith o u t  c o m p ro m is in g  the  tim e  co m p le x ity  o f th e  ove ra ll 
c o m p u ta tio n .
F in a lly , we reduce  the  sea rch ing  area fo r  th e  de tec tion  stage by  
in it ia l iz in g  th e  tra c k in g  system . T h is  is  done by  c o m p u tin g  the  ce n tro id s  
o f th e  m a rk e rs  a t a p re d e te rm in e d  p o s itio n  w ith in  the  VG X (Section 
4 .2 .1). T h u s , th e  area to  be exam ined  w h ile  sea rch ing  fo r c h a ra c te r is tic  
p ixe ls  is  n o t th e  e n tire  im age b u t  a ne ig h b o rh o o d  o f the  reference 
p o s itio n . Once th is  is  accom p lished , th e  m a rk e r  de tec tion  phase is 
ca rrie d  o u t. The la tte r  w o rk s  based on a n u m b e r o f d iffe re n t tasks , 
nam ely , co lo r id e n tif ic a t io n , lo ca l search  (for each m a rk e r /c e n tro id ) , and  
a D e p th -F irs t Search  (DFS) sweep to  a c c u ra te ly  com p u te  the  coo rd ina tes  
o f each o f th e  new  ce n tro id s  fo r  th e  c u r re n t fram e  [17, 18]. In  w h a t 
fo llow s, we w i l l  describe  each o f  these ta s k s  in  d e ta il.
4.1.1 C o lo r Id e n tif ic a t io n  A lg o r ith m  
C o lo r im ages are m ode led  so th a t  th e  im age d a ta  is d iv ide d  in to  th ree  
m onoch rom e ban ds . Hence, th e  in fo rm a tio n  s to re d  in  a  d ig ita l im age is 
the  b rig h tn e ss  in fo rm a tio n  in  each sp e c tra l band . N o rm a lly , im ages are
25
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rep resen ted  as red , green, a nd  b lu e  (RGB) im ages w h ic h  have 24 b its  per 
p ix e l (8 -b it  m onoch rom e  s tanda rd ) [13].
G iven th e  c o m p le x ity  o f th e  ta s k  o f de tec ting  co lo r in  im ages, i t  is  
necessary in  m a n y  a p p lic a tio n s  to  process the  RGB in fo rm a tio n  so th a t 
th e  b r ig h tn e ss  a n d  co lo r in fo rm a tio n  are decoup led  fro m  it.  B y  do ing  so, 
we o b ta in  tw o  new  spaces; a o n e -d im e n s io n a l space c o n ta in in g  the  
b rig h tn e ss  in fo rm a tio n  a n d  a tw o -d im e n s io n a l space c o n ta in in g  th e  co lo r 
in fo rm a tio n . There  ex is t several d e co u p lin g  tra n s fo rm a tio n s , m a n y  o f 
w h ic h  are geom e tric  a p p ro x im a tio n s  to  m a p p in g  the  RGB co lo r cube in to  
som e o th e r c o lo r space. The cho ice  o f tra n s fo rm a tio n  depends on  the  
a p p lic a tio n  its e lf. G iven th a t  one o f the  p r io r it ie s  fo r the  V G X  p ro je c t is  
th a t  o f m in im u m  c o m p u ta tio n a l load , we decided to  im p le m e n t a  co lo r 
t ra n s fo rm a tio n  so le ly  based on  th e  g e o m e tiy  o f th e  RGB space. In  fac t, 
we pe rfo rm ed  a S p he rica l C o o rd ina te  T ra n s fo rm  (SCT) on  the  RGB space. 
T h is  tra n s fo rm  is p u re ly  g eo m e trica l a n d  c o m p u ta tio n a lly  inexpens ive . 
Then , given a n  RGB ve c to r (r,g,b), its  tra n s fo rm e d  coo rd ina tes  are  g iven 
by
L  = V r ^ + g ^ + b ^
(4.1)
y/ = ta n -1 f g ]
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w here  L is th e  m o d u lu s  o f  th e  RGB vecto r, 9 its  angle o f de flec tion  fro m  
the  b lu e  ax is , a nd  y/ the  ang le  o f de flec tion  o f its  p ro je c tio n  on  the  RG- 
p lane  fro m  th e  red  ax is , as show n  in  F igu re  4.4.
a BLUE
GREEN
RED
F igu re  4 .4 : S p h e rica l C o o rd ina te  T ra n s fo rm a tio n
B y a p p ly in g  th e  SCT, th e  RGB space is  tra n s fo rm e d  in to  a tw o - 
d im e n s io n a l c o lo r space de fin e d  b y  th e  angles 9 a n d  y/ , a n d  a one­
d im e n s io n a l b r ig h tn e s s  space de fined  by  L. T h is  space can  be 
represen ted  b y  a co lo r tr ia n g le  (F igure  4.5) so th a t  co lo r can  be de fined  
as th e  p o in t in  th e  tr ia n g le  th a t  th e  ve c to r passes th ro u g h , as show n  in  
F igu re  4.6.
27
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90"^
F igure  4 .5 : C o lo r tr ia n g le  o b ta in e d  a fte r a p p ly in g  th e  SCT to  th e  vectors
in  th e  R C B C o lo r Cube
A B LU E
RED
GREEN  
>
F igure  4 .6 : R e p re sen ta tion  o f an  (r,g,b) ve c to r u s in g  the  S p h e rica l 
C o o rd ina tes  T ra s n fo rm a tio n .
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Since we are in te re s te d  in  th e  co lo r c h a ra c te ris tic s  o f the  p ixe ls , we 
d is reg a rd  th e  b r ig h tn e ss  in fo rm a tio n . N onetheless, g iven the  d iffe re n t 
shades o f c o lo r th a t  m a y  be p resen t, th e  in fo rm a tio n  ob ta ined  fro m  th e  6 
and  y/ com pon en ts  is  n o t enough  to  d isce rn  the  co lo r o f a g iven p ixe l. To 
s u rm o u n t th is  d iff ic u lty ,  we a lso co n s id e r the  s a tu ra tio n  va lue  o f the  
RGB vecto r, w h ic h  w il l  be deno ted  by  s. T h a t is.
s = 1 -3
^ m in (r,g ,b )^
(4.2)
r  + g + b
S a tu ra tio n  is  a  d im e n s io n  o f co lo r a ffe c ting  o u r  response to  i t  s ince  i t  
re fe rs  to  a c o lo r ’s p u r ity .  Indeed , i t  is  the  degree to  w h ic h  a co lo r is 
u n d ilu te d  b y  w h ite  lig h t. Hence, a  h ig h ly  sa tu ra te d  co lo r co n ta in s  no 
w h ite  lig h t, m a k in g  i t  appea r deeper a n d  p u re r  th a n  a  s im ila r  b u t  less 
sa tu ra te d  co lo r. O n the  o th e r h a n d , i f  a  co lo r has no  s a tu ra tio n , i t  
appears as a shade o f gray.
T hu s , th e  m a p p in g  (r,g ,b ) (0 ,^^,s) a llow s us  to  e ffic ie n tly  id e n tify  a ll
d iffe re n t shades o f  co lo r p re se n t in  th e  m a rke rs  a t a n y  p o in t in  tim e . 
M oreover, th e  a fo re m e n tio n e d  tra n s fo rm a tio n  has  p roven  to  be ro b u s t 
and  re s ilie n t to  changes in  the  s e ttin g  o f th e  system .
4 .1 .2  Loca l Search  and  C e n tro id  C o m p u ta tio n  A lg o r ith m s
4.1.2.1 In it ia l iz a t io n  Phase 
T h is  phase p rov ides  the  im age coo rd ina tes  o f  the  c e n tro id  o f each 
m a rk e r w h ile  th e  u s e r p o s itio n s  h is  h a n d  a t a k n o w n  lo ca tio n  w ith in  the  
G loveboX. The o u tp u t  o f th is  phase  w i l l  be re fe rred  to  as the  reference
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fram e. Before we proceed, we w is h  to  no te  th a t  th e  m a rk e rs  on  the  glove 
are id e n tif ie d  b y  th e  a lg o r ith m  in  th e  o rde r show n in  F igu re  4.7.
18 17
F igure  4 .7  : O rd e rin g  o f th e  m a rk e rs  on  th e  h a n d ; th e  co lo r a ro u n d  the  
indexes rep resen ts  th e  c o lo r ass igned to  th e  respective  m a rke r.
To enhance re a d a b ility , we w i l l  denote  th e  ce n tro id s  o f th e  m a rk e rs  by  
m . ^ , w here i rep resen ts  th e  in d e x  o f th e  m a rk e r  on  th e  glove a n d  n  the
n u m b e r o f th e  fram e  be ing  processed. T h u s , w h e n  re fe rr in g  to  the  
reference fram e, n  s h o u ld  be zero, and  the  set o f c e n tro id s  w i l l  be
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^o)o< i< i8' m a y  no w  p re se n t the  steps invo lved  in  the  in it ia liz a t io n  o f
th e  tra c k in g  system .
In  o rde r to  reduce  th e  a m o u n t o f p rocess ing , a search reg ion  is 
de te rm ined  (a rectang le) su ch  th a t  i t  en fo lds the  e n tire ty  o f th e  glove. 
T h is  reg ion  is  chosen s u ffic ie n tly  la rge  so as to  p rov ide  the  u s e r w ith  
c e rta in  f le x ib il ity  w h e n  p o s it io n in g  th e  h a n d  w ith in  th e  G loveboX.
The search  fo r  th e  ce n tro id s  beg ins onee th e  u s e r has selected an 
a rb itra ry  p o in t  w ith in  th e  b la c k  m a rk e r in  b o th  im ages. T h is  is 
necessary g iven th a t  th e  b a c k g ro u n d  is  b lack ; o the rw ise , th e  search  
w o u ld  m is ta k e n ly  s ing le  o u t p o in ts  on  th e  b a c k g ro u n d  as c o n s titu e n ts  o f 
the  b la c k  m a rk e r. T hen  th e  selected p o in t is used  to  e ffic ie n tly  com pu te  
the  coo rd ina tes  o f th e  b la c k  c e n tro id  by  m eans o f a DFS s ta rt in g  a t the  
specified lo c a tio n . The co o rd ina tes  o f th is  c e n tro id  w i l l  a lso serve as a 
sieve to  de te rm in e  w h e th e r a p ixe l be longs to  a m a rk e r  o r  no t, by  v ir tu e  
o f th e  fac t th a t  a ll m a rk e rs  on  the  h a n d  sa tis fy  p a r t ic u la r  d is tance  and  
p o s itio n in g  re q u ire m e n ts  w ith  respect to  m^ ̂  .
In  o rde r to  loca te  the  red  a nd  green m a rke rs , we exam ine  th e  search  
reg ion  in  a ro w  b y  ro w  m a n n e r seek ing  fo r  w h a t we re fe r to  as a strong  
candidate, th a t  is , a  p ix e l th a t  has th e  p o te n tia l to  be p a r t  o f one o f the  
co lo r m a rke rs . F o r th e  p u rpo se  o f th e  in it ia l iz a t io n  phase, a s tro n g  
cand ida te  is  a p ixe l, de tected  to  be e ith e r re d  o r green, w h ic h  is 
com p le te ly  s u rro u n d e d  b y  p ixe ls  o f  its  sam e co lo r (A ppe nd ix  B.2) a nd  lies
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w ith in  a spec ified  d is tan ce  fro m  m^  ̂. We w is h  to  p o in t o u t th a t  th e  co lo r
o f each p ix e l u n d e r  o b se rva tion  is  de te rm in e d  b y  m eans o f the  
a fo rem e n tione d  co lo r id e n tif ic a t io n  a lg o r ith m  (Section 4.1). O nce a 
s tro n g  ca n d id a te  is  loca ted , a DFS im p le m e n tin g  the  abovem entioned  
co lo r id e n tif ic a t io n  a lg o r ith m  is  pe rfo rm ed , th u s  o b ta in in g  a ll the  
c o n s titu e n t p ixe ls  o f  th a t  p a r t ic u la r  m a rk e r, w h ic h  th e n  a llow s u s  to  
com pu te  th e  co o rd ina tes  o f its  ce n tro id .
The in s p e c tio n  o f the  search  reg io n  re s u lts  in  th e  success fu l lo c a tio n  
o f a ll the  ce n tro id s  o f th e  m a rk e rs  on  the  glove. The ce n tro id s  are 
g rouped  by  c o lo r (red o r green); how ever, th e y  are n o t in  th e  o rd e r 
dep ic ted  in  F ig u re  4 .7 . In  o rd e r to  so rt th e m  p ro p e rly , we f ir s t  loca te  
those ce n tro id s  th a t  are c losest to  th e  b la c k  ce n tro id , nam e ly , m^ g ,
mg g  ,  mg g ,  m^g g , Q, axid m^gg (F igure  4.7). B y  d o ing  so, s o rtin g  the
re m a in in g  c e n tro id s  becom es c o n s id e ra b ly  easier g iven th a t  a ll ce n tro id s  
o f m a rke rs  ly in g  on the  sam e fin g e r p re se n t a s m a ll d isc rep ancy  in  th e ir  
X coord ina tes .
To fa c ilita te  th e  s o rtin g  o f the  c e n tro id s  ju s t  nam ed, we com pare  the  
angles de te rm in e d  b y  th e  v e rtic a l ax is  p a ss in g  th ro u g h  mg g and  th e  lin e
segm ent jo in in g  th e  c e n tro id  be ing  in spec ted  a n d  mg g , as show n  in
F igu re  4.8.
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F igure  4 .8  : A ngles cons ide red  to  p ro p e rly  so rt the  ce n tro id s  c losest to
th e  b la c k  m a rke r.
T h is  ca tego riza tion  is  poss ib le  in  v iew  o f th e  fa c t th a t  th e  p o s itio n  o f  the  
ce n tro id s  p re v io u s ly  re fe renced re m a in s  fixed  desp ite  th e  m ovem en t o f 
the  h an d ; the re fo re , the  ang les re m a in  c o n s ta n t. T h is  la s t step y ie ld s  the  
so u g h t-a fte r o rd e r in g  o f th e  ce n tro id s  (F igure  4.7).
In  a d d it io n  to  p ro v id in g  th e  lo c a tio n  o f a ll th e  m a rk e rs  a t the  
b e g in n in g  o f th e  v ideo sequence, the  in it ia l iz a t io n  stage a llow s u s  to
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com pu te  the  d ire c tio n s  o f a ll th e  pha lanxes , w h ic h  w i l l  be v ita l fo r the  
re a liz a tio n  o f th e  tra c k in g  phase.
4 .1 .2 .2  T ra c k in g  Phase 
As m e n tio n e d  e a rlie r, p r io r  to  the  m a rk e r d e tec tion  a lg o r ith m , the  
system  is  in it ia liz e d  as deseribed in  Section  4.1.2.1 .  T h u s , in  
subse quen t fram es a nd  as the  u s e r m oves h is  h an d , th e  lo ca tio n  o f each 
m a rk e r is tra c k e d  based on  the  know ledge o f its  p o s itio n  in  the  p rev ious  
fram e. To a c co m p lish  th is , spec ific  in fo rm a tio n  re g a rd in g  the  p o s itio n  o f 
the  m a rk e r is  s to red  a t each fram e. In  w h a t fo llow s, we give a  th o ro u g h  
e xp la n a tio n  o f th e  lo ca l search.
F o r s im p lic ity , a nd  w ith o u t loss o f gene ra lity , le t u s  suppose we are 
p rocess ing  th e  im ages o b ta in e d  fo r th e  fram e  a nd  th a t we are 
in te re s te d  in  lo c a tin g  the  new  p o s itio n  o f m a rk e r  i, w h ic h  we denote m - ^ ,
(i.e., we have a lre a d y  tra c k e d  a ll m a rk e rs  w ith  in d ice s  0 to  i - l . ) ,  w h ie h  
lies a t one o f th e  f in g e r ’s tw o  in te rn a l jo in ts  (F igure 4.9). O u r f ir s t  ta s k  is
to  f in d  the  bes t ean d id a te  p  a t w h ic h  to  la u n c h  th e  lo ca l search. The 
im age coo rd ina tes  o f p  are es tim a te d  u t il iz in g  th e  in fo rm a tio n  s to red  
a b o u t the  e e n tro id s  o f  m a rk e rs  m.^_j a n d  in  th e  p rev ious  fram e. I f
^i,n^(^i,n>yin) > th e n  we proceed w ith  th e  search  fo r  th e  cand ida te  by  
le tt in g
in = - m ,,i ] .  (4.3)
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F igu re  4 .9  ; F inge r w ith  m a rk e r  i a t fram e  n.
Now th a t we have an  es tim a te  o f m a rk e r  i’s new  lo ca tion , we m u s t 
de te rm ine  w h e th e r p is a  s tro n g  ca nd ida te . We aceom p lish  th is  by  
in s p e c tin g  p ’s n e ig h b o rin g  p ixe ls  in  search  o f p ixe ls  o f the  co lo r 
assigned to  m ^^. Fo r tra c k in g  pu rpo ses , a p ixe l is  a s tro n g  can d id a te  i f  
a t leas t fo u r  p ixe ls  o f the  re q u ire d  c h a ra c te r is tic s  are fo u n d  (A ppend ix  
B.2) . O the rw ise , we use p to  f in d  a  b e tte r  cand ida te  b y  s c ru tin iz in g  the
p ixe ls  in  a ne ig h b o rh o o d  o f p o f ra d iu s  one a nd  sys te m a tica lly  
in c re m e n tin g  th e  ra d iu s  o f sea rch  u n t i l  a s tro n g  cand ida te  is fo u n d . 
T hen , i f  p is  des igna ted  as th e  s tro n g  cand ida te , we proceed to  in s p e c t 
the  area a ro u n d  i t  b y  m eans o f  th e  DFS ro u tin e  th a t  im p le m e n ts  the  
co lo r id e n tif ic a t io n  a lg o r ith m  (S ection 4.1.1) to  id e n tify  a ll the
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c o n s titu e n ts  p ixe ls  o f m a rk e r  i. These are in  tu rn  em ployed in  the  
c o m p u ta tio n  o f th e  im age coo rd in a te s  o f th e  m a rk e r ’s cen tro id .
I t  is  im p o r ta n t to  no te  th a t,  in  th e  case o f p. b e ing  a w ea k  candidate, 
the  sys tem a tic  search  fo r a  s tro n g e r cand ida te  in  g ra d u a lly  la rg e r 
ne ighbo rhoods o f p never exceeds a ra d iu s  o f search  la rge r th a n  five.
T h is  can be a ttr ib u te d  to  th e  fa c t th a t  a t 30  fram es p e r second (fps) the  
d isc rep ancy  betw een fram es is  t r i f l in g .  T hu s , a  s tro n g  cand ida te  w i l l  n o t 
lie  fu r th e r  th a n  five p ixe ls  aw ay fro m  p (th is  has p roven  to  be tru e  even 
a t 15 fps ).
The p roced u re  ju s t  dep ic ted  is  pe rfo rm ed , a t fram e  n, on  th e  im ages
fro m  cam era  1 and  cam era  2 a n d  th e  respective  im age coo rd ina tes  o f the
1 ~  2
p o in t m .^ th a t  i t  y ie ld s  w i l l  be deno ted  b y  p .^  a n d  P ; ^ .
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CHAPTER 5
3D  RECO NSTRUCTION 
3D  re c o n s tru c tio n  is  th e  m o s t im p o r ta n t step to w a rd s  re c o n s tru c tin g  
the  pose o f th e  h u m a n  h a n d  since i t  p rov ides th e  th re e -d im e n s io n a l 
in fo rm a tio n  re q u ire d  to  es tim a te  the  o b je c t’s p o s itio n  and  pose. As 
m e n tion ed  above, before th e  re c o n s tru c tio n  phase can  be c a rrie d  o u t, i t  
is  essen tia l th a t  th e  cam eras be ca lib ra te d . As a re s u lt  o f th e  cam era  
c a lib ra tio n  process, the  p o s itio n s  o f each cam era  w ith  respect to  a g loba l 
coo rd ina te  sys tem  (ro ta tio n  and  tra n s la t io n  m a trice s ), as w e ll as th e ir  
in te rn a l s tru c tu re s , are o b ta in e d  [1, 3, 4, 6].
As s ta ted  in  C h a p te r 4, a t le as t tw o  view s are necessary  to resolve fo r 
the  th ree  co o rd ina tes  o f a p o in t fro m  its  p ro je c tio n  on to  b o th  im ages. 
However, in  o rd e r to  re c o n s tru c t th e  3D  co o rd ina tes  o f the  observed 
p o in t, the  f ir s t  s tep  is to  m a tc h  th e  p o in ts  in  th e  tw o  im ages. Indeed, 
b o th  im age p o in ts  m u s t re p re se n t th e  sam e p o in t on  th e  scene a t the  
sam e in s ta n t in  tim e . O nce th e  p o in ts  are m a tch ed , 3D  re c o n s tru e tio n  is 
pe rfo rm ed  b y  m eans o f a triangulation algorithm. In  th is  chap te r, we w il l  
p resen t tw o  app roaches to  th e  re c o n s tru c tio n  p ro b le m  in  the  c o n te x t o f 
the  NASA V G X  p ro je c t. The e xp e rim e n ta l re s u lts  o b ta in e d  w ith  each
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a p p ro a ch  w i l l  be p resen ted  in  C h a p te r 7. Let u s  beg in  by  d e p ic tin g  the  
t r ia n g u la t io n  a lg o r ith m .
5.1 T r ia n g u la tio n  A lg o r ith m  
The goa l o f tr ia n g u la t io n  is to  o b ta in  the  p o in t o f in te rs e c tio n  o f th e  
b a c k -p ro je c tio n  rays  co rre sp o n d in g  to  a p a ir  o f m a tc h in g  im age p o in ts ,
say P i a nd  , as show n  in  F igu re  5.1.
F igu re  5.1; T r ia n g u la tio n  m ethod .
In  o rde r to  s im p lify  the  c a lc u la tio n s , we can  assum e, w ith o u t loss o f 
gene ra lity , th a t  th e  o r ig in  o f th e  g loba l coo rd in a te  system  is loca ted  a t 
the  cam era  ce n te r C^. Then , a cco rd in g  to  (3.14), we have th a t
(5.1)
(0^ A
P ' =K^ 3̂ 1 ®3xl , P^ =K^ R  1 t , and  C =
3x3
1 1 j
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T hu s , i f  rfz)  a n d  r f y)  are th e  b a c k -p ro je c tio n  rays co rre sp o n d in g  to
and  p 2 , respec tive ly  , th e ir  equ a tions  are g iven by
r , ( r ) = r ( P ’ y p ,  , r e R ,  (5.2)
and
f i ( / ) = r { ^ " y p 2 .  y e R .  (5.3)
Then, the  lin e  in  space th a t  in te rse c ts  b o th  rays p e rp e n d ic u la r ly  has 
equ a tio n
P')’ p,)x((i>=)pjJ + r (F ' )p „  (5.4)
fo r some r  e R and  <5 e R ; a n d  th e  p o in t o f in te rs e c tio n  o f a ll th re e  lin e s  is 
the  s o lu tio n  to  the  lin e a r  sys tem
(p'ygjx((p:ypjl+r(p'yg,_y(p:yp2=o. (s.5)
S olv ing  (5.5), we o b ta in  th e  th re e -d im e n s io n a l coo rd ina tes  o f the  u n iq u e  
p o in t X  s a tis fy in g  p, = P ’ X  a n d  p^ = P^ X  .
In  the  c o n te x t o f th e  NASA VG X, c o m p le tin g  th e  tr ia n g u la t io n  stage is 
e qu iva len t to  h a v in g  the  re c o n s tru c te d  3D  coo rd ina tes  o f the  ce n tro id s  o f 
the  m a rke rs  on  th e  glove. As we w i l l  show  in  C h a p te r 6, th is  th re e - 
d im e n s io n a l d a ta  is  fed in to  th e  H a n d  M ode ling  M odu le  w h ic h  u til iz e s  i t  
to  m ode l the  3D  h a n d  acco rd in g ly .
39
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In  w h a t fo llow s , we describe  tw o  w ays in  w h ic h , fo r  each o f the  
m a rk e rs  on  th e  glove, we selected the  p a ir  o f m a tc h in g  im age p o in ts
a nd  Pg th a t  w o u ld  be used  fo r th e  tr ia n g u la t io n  p rocedure .
5.2 P o in t C orrespondence : S tra ig h tfo rw a rd  app roach  
To fa c ilita te  th e  3D  re c o n s tru c tio n , i t  is  necessary to  have a set o f 
im age p o in t co rrespondences. Fo r th is  p a r t ic u la r  app ro ach , th e  m a p  o f 
p o in t co rrespondences is  th e  one ob ta in e d  fro m  th e  M arker Detection 
Algorithm  (C hap te r 4). I t  is  w o rth  n o tin g  th a t  s ince  th e  d e tec tion  o f the  
m a rke rs  w as p e rfo rm e d  in  o rd e r (F igure  4.6), th e  m a tc h in g  o f the  
ce n tro id s  is  d ire c t ly  accom p lishe d  v ia  th e  m a tc h in g  o f th e ir  ind ices. 
S ubsequen tly , those  correspondences are su p p lie d  to  th e  t r ia n g u la t io n  
a lg o r ith m  describ ed  in  S ection  5.1 w h ic h  y ie ld s  th e  so u g h t-a fte r 3D  
coo rd ina tes  o f th e  m a rk e rs  on  th e  glove.
S till,  in  v ie w  o f  th e  fa c t th a t  th e  p a irs  o f im age coo rd ina tes  ob ta ined
fro m  the  m a rk e r  de te c tio n  a lg o r ith m , I (p ,,,P 2, | , are c o rru p te d  w ith
V  ̂ no<i<\s
noise, the  c o rre sp o n d in g  b a c k -p ro je c tio n  rays w i l l  be skew. As a 
consequence, g iven  a p a ir  (p ,,,p 2, ) ,  0 < / < 1 8 ,  th e re  w i l l  be no  th re e -
d im e n s io n a l p o in t  X , w hose p ro je c te d  im age coo rd in a te s  co inc ide  w ith  
those in  the  g iven  p a ir  (F igure  5.2).
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F igu re  5.2: The presence o f no ise  in  th e  im age coo rd ina tes  causes the
p ro je c tio n  rays to  be skew.
N everthe less, we can es tim a te  th e  3D  coo rd ina tes  o f the  re co n s tru c te d  
p o in t assoc ia ted  w ith  the  p a ir  (p ,,,p 2, ) ,  0 <  z <18  , by  co n s id e rin g  X  to  be
th e  p o in t in  space th a t  m in im ize s  the  E u c lid e a n  d is tan ce  betw een th e  
tw o  b a c k -p ro je c tio n  rays, as show n  in  F igu re  5.3.
F igu re  5.3 : E s tim a tio n  o f th e  re c o n s tru c te d  3D  coo rd ina tes  by  
m in im iz in g  the  d is ta n ce  betw een th e  p ro je c tio n  rays.
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5.3 P o in t C orrespondence : E p ip o la r G eom etry  A p p ro ach  
In  th e  a p p ro a ch  to  th e  P o in t C orrespondence p ro b le m  il lu s tra te d  in  
the  p rev io us  section , we assum ed the  b a c k -p ro je c tio n  rays w i l l  be skew  
(due to  th e  no ise  in  th e  data), and  we es tim a ted  th e  coord ina tes  o f th e  3D  
p o in t by  m in im iz in g  th e  d is tance  between th e  b a c k -p ro je c tio n  rays 
ob ta ined  fro m  th e  “n o is y  p a ir ” . However, in s te a d  o f cons id e rin g  im age 
p o in ts  th a t  m a y  n o t be a pe rfec t m a tch , we can  use the  “n o isy  p a ir ”
a long  w ith  th e  e p ip o la r c o n s tra in t in  (3.16) to  f in d  a new  p a ir  o f
co rre sp o n d in g  p o in ts  su ch  th a t  p '^  E  p \  ^  0 , i.e ., p ', a nd  are
a pe rfec t m a tc h . Then , th e  re c o n s tru c te d  p o in t can  be fo u n d  b y  the  
tr ia n g u la t io n  process expounded  u p o n  in  S ection  5.1 , fo r the  ba ck - 
p ro je c tio n  rays  w i l l  in te rs e c t p rec ise ly  in  spaee.
S ince th e  new  im age p o in ts  p  , a nd  p  ̂ s h o u ld  lie  in  a  ne ighb o rh ood
o f the  m easu red  p o in ts  p  a nd  p ^ , o u r  goa l is  to  solve th e  m in im iz a tio n
p rob lem
m in  ^ ( p i , P 2) sub je e t to  p'J' F p ',  = 0 ,  (5.6)
P i P z '' '
w here  ^ ( p i,P a ) =  Pi P i  Ps Pz  ̂ (F igure 5.4).
In  (5.6), p '2 F  p \ = 0  so th a t  b o th  im age p o in ts  m u s t lie  on  a  p a ir  o f 
co rre spond ing  e p ip o la r lines , nam e ly , 2̂1 (F igu re  3.4). O n the
o th e r hand , we a lso  k n o w  th a t  a n y  p a ir  o f im age p o in ts  ly in g  on
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co rre sp o n d in g  e p ip o la r lin e s  w i l l  s a tis fy  the  e p ipo la r e o n s tra in t. In  
p a r t ic u la r ,  th e  p a ir  o f co rre sp o n d in g  p o in ts  p, and  w h ie h  lie  on  
a nd  £2 1, respec tive ly , m in im ize s  th e  d is tan ce  to  th e  m easured  p o in ts .
B u t th e n , p, a nd  p^ are the  p o in ts  th a t  m in im iz e  the  d is tance  betw een 
the  m easu red  p o in ts  and  th e  respective  e p ip o la r lines.
•P,
- - 0Cl
F igu re  5.4 : The m easu red  im age p o in ts  p, a n d  p^ are co rru p te d  by  
no ise; the re fo re  th e y  m ay  n o t be a p e rfec t m a tch . The p o in ts  p', a nd  p \  
s a tis fy  the  e p ip o la r c o n s tra in t a n d  m in im iz e  th e  cost fu n c t io n  ^ | p j , p 2 j .
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Hence, g iven th a t  - p \  = and P2 P
d[Q, l )  rep resen ts  th e  E u c lid e a n  d is tan ce  fro m  a p o in t to  a lin e , the
m in im iz a tio n  p ro b le m  in  (5.6) can  be res ta ted  as
min(r(5 ; , £ ) , (5.7)
w here  ^ ^P i^P g j = + (Pa^^iz) > and  th e  m in im u m  is cons ide red
over a ll poss ib le  e p ip o la r lines . N ow  th a t  the  m in im iz a tio n  is c a rrie d  o u t 
over a set o f  lines , one can fu r th e r  reduce  the  c o m p u ta tio n s . The p e n c il 
o f ep ip o la r lin e s  is  pa ram e te rized  so th a t  th e y  can a ll be rep resen ted  in  
te rm s  o f a s ing le  pa ra m e te r, say or e R . Then, i f  £̂ \ • 2̂1 (<^) a n d  ,̂2 : {^)  >
(5.7) becomes
m m
aelR (5.8)
T hu s , the  m in im iz a tio n  p ro b le m  in  (5.6) has been reduced  to  a one­
d im e n s io n a l m in im iz a tio n  p ro b le m  w h ic h  can  be solved u s in g  bas ic  
c a lcu lu s  and  a lgebra  te ch n iq u e s  [7].
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CHAPTER 6
H AN D  M O D E LIN G  
The th re e -d im e n s io n a l h a n d  m ode l developed fo r  th e  NASA VO X 
P ro ject cons is ts  o f tw o  p a rts , a ske le ton  and  a m esh  [14, 15]. The 
ske le ton  is  a set o f  connected  bones, w here  eaeh bone can be ro ta te d  
in d iv id u a lly  a cco rd in g  to  its  assigned degrees o f freedom . T h is  set o f 
bones has a h ie ra rc h ic a l s tru c tu re , w here  each bone has a p a re n t bone 
and  a c h ild  bone (F igu re  6.1). F rom  th is  d e f in it io n  a nd  F igu re  6 .1 , i t  
fo llow s th a t  we have five ske le tons [8g...S^] (one fo r  each finger), each o f
w h ic h  is c o n s titu te d  b y  bones , B, and  B ^ . T h a t is , fo r 0 < z < 4 ,
S i  =  { B j o , B i l l 6 ) 2 }  •
The pu rpo se  o f th e  m esh is  to  endow  the  m ode l w ith  a m ore  life lik e  
appearance. The m esh  cons is ts  o f a set o f po lygons w h ic h  are rende red  
as so lid  l i t  su rfaces  w ith  a p p lie d  te x tu re  a n d  c o lo r th a t  s im u la te  rea l 
h u m a n  s k in  [16]. Together, geom etry, te x tu re , a n d  lig h t in g  create a 
re a lis tie  effect, as can  be seen in  F igu re  6.2 . O nce th e  ske le ton  a nd  the  
m esh are b o u n d  toge the r, the  re s u lt  is an  in te ra c tiv e  3D  m ode l o f a 
h u m a n  hand .
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(a) (b)
F igu re  6 .1 : (a) S ke le ton  s tru c tu re  e m u la tin g  th e  h u m a n  h an d , (b) 
S ke le ton  as im p le m e n te d  in  o u r  3D  m odel.
In  o rd e r to  u n d e rs ta n d  h o w  the  re c o n s tru c te d  coo rd ina tes  o f th e  
m a rke rs  are u t il iz e d  to  em u la te  th e  m ovem en t o f th e  h a n d  w ith  th e  3D  
m ode l, one m u s t u n d e rs ta n d  th e  u n d e r ly in g  s tru c tu re  o f the  m ode l. In  
w h a t fo llow s , we w i l l  p re se n t a concise d e s c r ip tio n  o f the  ske le ton  
s tru c tu re . H ow ever, those  in te re s te d  in  d e lv in g  deeper in to  a ll the  facets 
o f o u r  3D  h a n d  m ode l are encouraged  to  re fe r to  [14].
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(a) (b)
F igure  6 .2 : (a) P o lygona l m esh  designed fo r th e  NASA V G X  P ro ject, (b)
M esh w ith  s k in  te x tu re  app lied .
6.1 S ke le ton  S tru c tu re  
Each bone is  crea ted  w ith in  its  ow n lo ca l co o rd ina te  system . In  
a d d it io n  to  its  d ire c tio n , each bone m u s t “k n o w ” its  p a re n t a nd  its  c h ild , 
i.e ., the  bones to  w h ic h  i t  is  connected . The bone jo in e d  a t th e  t ip  is 
eonsidered its  “ c h ild ” , a n d  the  bone jo in e d  a t th e  base is cons ide red  its  
“p a re n t” . The c h ild  is  a lw ays d e p ende n t on  its  p a re n t in  th e  sense th a t  
the  ch ild 's  lo ca l co o rd in a te  sys tem  is  co n s tru c te d  a cco rd ing  to  the  
p a re n t’s d ire c tio n  (F igure 6.3).
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F igure  6.3 : Two d iffe re n t v iew s (ob ta ined  w ith  o u r  softw are) o f the  loca l 
coo rd ina te  system s o f each bone. E ach  lo ca l X  ax is  is rep resen ted  in  red, 
th e  lo ca l Y ax is  in  green, and  th e  Z ax is  in  ye llow .
For exam ple, co n s id e r a bone c h a in  , w here  B^ is the  ro o t ( firs t
paren t) a n d  B „ is  th e  t ip  (last ch ild ). Then , each c h ild  Bj  ̂ is  de fined
re cu rs ive ly  as
T k = T , . ,T ,R , , (6 . 1)
w here  Tĵ  is  the  t ra n s la t io n  m a tr ix  assoc ia ted  to  bone B ^ , w h ic h  sets th e  
cen te r o f ro ta tio n  to  th e  base o f th e  bone; Rj  ̂ is  th e  ro ta tio n  m a tr ix  
associa ted to  bone B^ ; and  is  the  a c c u m u la te d  tra n s fo rm a tio n
m a tr ix  fro m  th e  o p e ra tio n s  on the  p rev io us  bones, w ith  %  = /  .
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Also, the  d ire c tio n a l cosines o f each bone are used  to  rep resen t its  
d ire c tio n . T h a t is, i f  ^ , 6^,  and  6^ are in it ia l ro ta tio n  angles o f the  
bone, th e n
L  = ^ /cos^j-t-o^s^^y + cos^6^
COS^Y •
COS Y = ^
cos Z =
L
cos 61
The n e x t s tep  is  to  u n d e rs ta n d  h o w  each bone is m oved. Fo r a bone 
to  be ro ta te d , tw o  pieces o f in fo rm a tio n  are re q u ire d . Indeed, i t  is  
re q u ire d  th a t  we k n o w  th e  axis o f ro ta tio n  a b o u t w h ic h  to  ro ta te  the  
bone, a long  w ith  the  ang le  o f ro ta tio n  by  w h ic h  the  bone s h o u ld  be 
ro ta ted . G iven  th a t  a ny  p a r t ic u la r  ro ta tio n  can  be seen as a  sequence o f 
ro ta tio n s  a b o u t the  X , Y and  Z axes, the  p roced u re  can  be regarded as a 
series o f ro ta tio n s  a b o u t lo ca l axes (A ppend ix  C). Let a nd  (f)̂  be
the  current rotations d e s c rib in g  th e  m ovem en t o f bone in  the  c h a in  
Bg... B^ . I f  ) is  th e  current rotation matrix  associa ted  w ith  Bj^
(A ppend ix  C), th e n  the  com pos ite  tra n s fo rm a tio n  m a tr ix  a t bone Bj^ is 
g iven by
(6 .3)
Before we c o n tin u e , i t  is  im p o r ta n t to  no te  th a t  in  o rde r fo r  the  
ske le ta l s tru c tu re  to  re a lis t ic a lly  re p re se n t th e  m ovem ents  o f a  h u m a n
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h an d , c e rta in  c o n s tra in ts  need to  be added. In  fac t, (6.3) can m ode l a 
m ovem ent fo r a n y  t r ip le t  o f ang les )- As a consequence, the
ske le ton  is  capab le  o f re p re se n tin g  in f in ite ly  m a n y  d iffe re n t s ta tes o f the  
h a n d , m a n y  o f th e m  m ovem ents  th a t  w o u ld  be im p oss ib le  fo r a h u m a n  to  
pe rfo rm . There fore , a set o f  c o n s tra in ts  is  designed so as to  l im it  the  
range o f m o tio n  o f  each bone; th u s  e lim in a tin g  u n re a lis t ie  bone 
c o n fig u ra tio n s  [14]. As one la s t re m a rk  re ga rd ing  the  se t-u p  o f th e  h a n d  
m ode l, we w is h  to  m e n tio n  th a t,  a lth o u g h  each bone has its  ow n  lo ca l 
coo rd ina te  system , th e  g loba l co o rd in a te  system  (th ro u g h  w h ic h  th e  da ta  
m u s t be processed) has its  o r ig in  a t the  base o f bone B^q (F igu re  6.1). 
M oreover, th e  g loba l coo rd in a te  sys tem , set by  th e  ca n o n ica l o r th o n o rm a l 
base in  , de te rm ines  th e  re la tive  p o s itio n  o f the  p a lm  o f th e  h a n d  in  
space.
6 .2  P rocessing  o f  R econstrue ted  C oord ina tes  
F rom  the  3D  R e c o n s tru c tio n  stage, we o b ta in  a set o f 3D  co o rd ina tes  
co rre sp o n d in g  to  each o f  th e  m a rk e rs  on the  u s e r ’s glove. A cco rd in g  to
the  n o ta tio n  in  C h a p te r 5, le t X,.« be th e  re c o n s tru c te d  3D  co o rd ina tes  o f 
m a rk e r i in  th e  fram e. The f ir s t  step is to  tra n s la te  th e  co o rd ina tes
set X , „ ]  to  th e  o r ig in  o f  th e  g loba l coo rd in a te  system .
I b=0,...18
S ubsequen tly , we m u s t d e te rm in e  th e  new  co o rd ina te  sys tem  fo r the  
p a lm  o f the  h a n d  so th a t  we can  th e n  o b ta in  th e  lin e a r  tra n s fo rm a tio n  
necessary to  change bases fro m  th e  a c tu a l co o rd ina te  fram e  to  th e  g loba l
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coord ina te  fram e. To th a t  effect, the  new  X  ax is  is  d e te rm in e d  b y  the  
no rm a lized  d ire c tio n  vec to r ^ X i7,« -X i8 ,« j, a nd  th e  new  Y axis is
de te rm ined  by  th e  d ire c tio n  vecto r
/  Y  a-Y  ^^  A i 7,« + A.18,«
Xo.« -
V ^
However, the
la tte r  step does n o t gua ra n te e  th a t  the  new  X  and  Y axes w i l l  de te rm ine  
an o rth o n o rm a l base; the re fo re , we a p p ly  th e  G ra m -S c h m id t 
o rth o g o n a liza tio n  m e th o d  so th a t  th e  h a n d  fra m e ’s X  a n d  Y axes, say
^hand yy,g^j , are o r th o n o rm a l. F in a lly , th e  new  Z ax is  is  s im p ly
ob ta ined  as Xi^^xYband so th a t  th e  set is  an
o rth o n o rm a l base fo r  th e  h a n d ’s co o rd ina te  system . U s ing  th is  
coo rd ina te  fram e, we can  no w  com pu te  th e  m a tr ix  o f change o f base th a t  
w il l  convey u s  fro m  th e  ca n o n ica l co o rd ina te  fram e  in to  th e  h a n d ’s 
coo rd ina te  fram e. In  fac t, we now  o b ta in
[ ^ ] c , h a n d  ~  ^ h a n d  Y  h a n d  ^ h a n d  ^  Y h a n d  J  > 
w here  C denotes the  ca n o n ica l o r th o n o rm a l base 
(1,0,0)^,(0,1,0)^,(0,0,1)^1. T h u s , we can  now  o b ta in  th e  set o f 3D
coord ina tes  in  th e  c a n o n ic a l base, say <X. X,.« > . N ext, the1  ̂ Jc.hand J,=o,.„18
co n d itio n s  are set to  a llo w  u s  de te rm in e  the  d ire c tio n a l cosine o f each 
bone and  th u s  m ode l th e  pose o f th e  h a n d  a c c o rd in g  to  the  3D  
in fo rm a tio n  ava ilab le . As a tte s ted  to  b y  the  d is c u s s io n  in  the  p rev ious  
section , and  in  v ie w  o f  th e  fa c t th a t  th e  ro ta tio n  m a tr ic e s  app lied  to  the
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bones are a ro u n d  the  o r ig in , in  o rd e r to  com pu te  the  d ire c tio n a l cosines 
o f each bone, we m u s t f ir s t  tra n s la te  the  base o f th e  bone u n d e r 
o b se rva tion  so th a t  i t  co inc ides w ith  th e  o r ig in  o f th e  g loba l coo rd ina te  
system . T h is  p roced u re  is  repea ted fo r  each o f the  pha lanxes ; and  the  
tra n s fo rm a tio n s , a t each step, are accrued  in  the  co rre spond ing  
a cc u m u la te d  tra n s fo rm a tio n  m a tr ix , as show n  in  (6.1).
As a  re s u lt  o f th is  p roced u re  be ing  repea ted fo r  each bone, the  la s t 
a cc u m u la te d  tra n s fo rm a tio n  m a tr ix  co n ta in s  a ll th e  in fo rm a tio n  essen tia l 
to  m ode l th e  h a n d  in  its  new  state .
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CHAPTER 7
PRACTICUM  AN D  EX PER IM EN TAL RESUSLTS 
As s ta ted  before, p r io r  to  th e  3D  re e o n s tru c tio n  phase, we m u s t 
e x tra c t th e  im age coo rd ina tes  o f  th e  een tro ids  o f the  m a rk e rs  on  the  
glove. The tasks  in vo lve d  in  ach iev ing  th is  goal w ere p e r t in e n tly  
described in  C h a p te r 4 a n d  are h e reb y  il lu s tra te d  b y  F igu res 7.1 th ro u g h  
7.3. In  fac t. F igu re  7.1 d isp la ys  th e  in p u t  im ages fro m  b o th  cam eras, 
w h ile  F igu re  7 .2  show s th e  o u tp u t  o f the  DFS sweep im p le m e n tin g  the  
a fo rem e n tione d  eo lor id e n tif ic a t io n  a lg o r ith m . F in a lly , in  F igu re  7 .3 , we 
can observe th e  a ccu ra cy  w ith  w h ic h  the  im age coo rd ina tes  o f the  
m a rk e rs ’ ce n tro id s  have been co m p u te d  based on  th e  d a ta  ga the red  by  
the  DFS.
We w is h  to  p o in t o u t th e  p re c is io n  o f o u r  m a rk e r d e tec tion  a lg o r ith m . 
Indeed, w ith o u t  c o n s id e rin g  th e  cases in  w h ic h  o cc lu s io n  o ccu rs  (th is  
research  is  s t i l l  in  progress), th e  m a rk e r  de tee tion  succeeds a t d e te c tin g  
each and  every one o f the  m a rk e rs  a t each step o f the  tra c k in g  phase. Its  
aecu racy re lies  h e a v ily  on  th e  c o m b in a tio n  o f th e  co lo r id e n tif ic a t io n  
c r ite r ia  a nd  th e  lo c a liz a tio n  o f a  s tro n g  cand ida te  fo r  each m a rk e r  
(C hap te r 4).
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(a) (b)
F igu re  7.1 : S am ple in p u t  im ages fro m  (a) C am era 1 a n d  (b) C am era  2.
F igu re  7.2 : R esu lts  o f  th e  DFS pass (detected p ixe ls  m a rk e d  in  green) fo r 
th e  p a ir  o f in p u t  im ages in  F igu re  7.1.
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F igu re  7 .3 : C e n tro ids  o f the  m a rk e rs  as com p u te d  w ith  th e  da ta  
co llec ted  b y  th e  DFS sweep dep le ted  in  F igu re  7.2.
In  o rd e r to  te s t th e  a ccu ra cy  o f o u r  re c o n s tru c tio n  a lg o r ith m , we 
designed a g r id  w ith  c o n tro l p o in ts . The set co n ta in s  over 300  c o n tro l 
p o in ts , p o s itio n e d  every one in c h  in  a g r id  p a tte rn . In  o rde r to  c o n d u c t 
the  te s tin g , we acq u ire d  sn ap sho ts  o f the  c o n tro l g r id  fro m  each 
(ca lib ra ted) cam era . B y  m eans o f  o u r  p o in t e x tra c tio n  a lg o r ith m  [6], we 
ob ta in e d  th e  im age coo rd ina tes  o f a ll c o n tro l p o in ts  w ith in  th e  v ie w ing  
area com m on  to  b o th  cam eras (u s u a lly  a  s u b -g r id  o f d im e n s io n s  21 by  
14), a nd  proceeded w ith  th e  re c o n s tru c tio n  p roced u re  as de ta iled  in  
C h ap te r 5. O nce the  re c o n s tru c tio n  w as com ple te , we assessed the  e rro r  
betw een th e  a c tu a l X , Y, a n d  Z coo rd in a te s  o f th e  c o n tro l p o in ts  and  th e ir  
respective  re c o n s tru c te d  coo rd ina tes . To gauge th e  a ccu racy  o f o u r  
a lg o r ith m  over a ll th e  ve c to r co o rd ina tes , we co n s id e r the  re c o n s tru c tio n
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e rro r to be th e  m a g n itu d e  o f th e  e rro r  vector. In  Tab le 1, w e  p re se n t the  
re s u lts  o b ta in e d  w ith  b o th  re c o n s tru c tio n  approaches (Sections 5.2 and  
5.3) th ro u g h o u t te n  tr ia ls .
Tab le  1: R esu lts  o f th e  tw o  d iffe re n t approaches o f o u r  3D  re c o n s tru c tio n  
a lg o r ith m  (C hap te r 5) a p p lie d  to  th e  c o n tro l g rid , w ith  the  average ta k e n  
over 10 d iffe re n t tr ia ls .
ERRORS (cm)
STRAIGHTFORWARD
APPROACH EPIPOLAR APPROACH
Trial
No.
X Y Z Norm X Y Z Norm
1 0.111 0 .1 6 2 0 .1 9 4 0 .2 7 6 0 .0 9 6 0 .1 6 9 0 .1 0 4 0.220
2 0 .1 9 7 0 .1 5 9 0 .1 9 2 0 .3 1 7 0.181 0 .1 4 3 0 .1 9 7 0 .3 0 3
3 0 .1 5 3 0 .1 3 8 0 .1 9 3 0.282 0 .1 7 9 0 .1 3 7 0 .1 8 7 0.292
4 0 .0 9 8 0.102 0.201 0 .2 4 5 0 .1 1 7 0 .0 9 4 0 .2 0 4 0 .2 5 3
5 0 .1 3 2 0 .1 7 2 0 .2 3 2 0 .3 1 7 0 .1 4 8 0 .1 7 6 0 .2 6 2 0 .3 4 8
6 0.191 0.201 0 .2 4 7 0 .371 0.211 0 .1 9 5 0 .241 0 .3 7 5
7 0 .1 0 9 0 .1 6 9 0 .1 6 0 0 .2 5 6 0 .0 8 9 0 .1 6 3 0 .1 9 4 0.268
86 0 .1 0 6 0 .2 5 7 0 .3 0 0 0 .4 0 9 0 .0 8 2 0 .261 0.286 0 .3 9 5
9 6 0.201 0 .2 3 0 0 .3 5 4 0 .4 6 7 0.220 0 .2 2 5 0 .3 2 8 0 .4 5 4
10^ 0 .1 8 1 0 .2 9 3 0 .3 5 5 0 .4 9 4 0 .1 8 4 0 .2 8 0 0 .3 6 0 0 .491
Average
Errors
0.1479 0.1883 0.2428 0.3434 0.1507 0.1843 0.2363 0.3389
F rom  Table 1, we ean observe th a t  th e  re c o n s tru c tio n  e rro r  is fa ir ly  low ; 
m oreover, i t  has  p roven  to  be u n ifo rm  th ro u g h o u t o u r  la te s t expe rim en ts .
^ This tria l w as ca rried  o u t w ith  th e  cam eras  positioned  closer to g e th er w hich resu lted  in  the 
projection  rays form ing a  sm alle r angle.
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The fa c t th a t  th e  re c o n s tru c tio n  a lg o r ith m  im p le m e n tin g  the  e p ipo la r 
app ro ach  (Section 5.3) d id  n o t s ig n if ic a n tly  im p rove  th e  re c o n s tru c tio n  
e rro r ob ta ined  w ith  the  s tra ig h tfo rw a rd  app roach  (Section 5.2) can  be 
a ttr ib u te d  to  th e  fa c t th a t  the  cam era  pa ram e te rs  (ob ta ined  in  the  
c a lib ra tio n  stage) are n o t exact [6]. G iven th a t  we are so lv ing  fo r  the  
p o in t co rrespondence  p ro b le m  b y  m eans o f th e  cam era  pa ram e te rs  
es tim a ted  a t th e  c a lib ra t io n  stage, th e  e rro r p resen t in  th e  pa ram e te rs  
propagates th ro u g h  th e  c a lc u la tio n s  in  th e  p o in t co rrespondence  s o lu tio n  
a nd  the  re c o n s tru c tio n  phase. Hence, in  v iew  o f th e  c o m p u ta tio n a l cost 
o f the  e p ip o la r a p p ro a ch  fo r th e  re c o n s tru c tio n  phase and  th e  s lig h t 
d iffe rence in  th e  p e rfo rm an ce  o f b o th  re c o n s tru c tio n  a lg o r ith m s , we have 
decided to  u t il iz e  th e  s tra ig h tfo rw a rd  app ro ach  p resen ted  in  S ection  5.2 
fo r 3D  re c o n s tru c tio n  pu rposes.
We w is h  to  no te  th a t  som e o f th e  poss ib le  sources o f e rro r  in  o u r  
c a lib ra tio n  process are th e  m e a su re m e n t e rro r  a n d  th e  fea tu re  
e x tra c tio n , as w e ll as lens  d is to r t io n s . Indeed, th e  fe a tu re  e x tra c tio n  
accu racy  can  be a ffected  by  n o n -u n ifo rm  il lu m in a t io n  w h ic h  causes the  
detected ce n tro id s  o f th e  c o n tro l p o in ts  to  be s lig h t ly  o ff the  a c tu a l 
center. In  regards to  th e  lens  d is to r t io n , a nd  in  v ie w  o f th e  fa c t th a t  o u r  
c a lib ra tio n  m ode l o n ly  cons ide rs  ra d ia l d is to r t io n , c o n s id e rin g  o th e r 
fo rm s o f d is to r t io n  s u ch  as ta n g e n tia l a nd  th in  p r is m  m a y  w e ll im p rove  
the  c a lib ra tio n  re s u lts  [6]. However, th e re  are o th e r issues to  p on de r 
w h ile  s c ru tin iz in g  th e  re c o n s tru c tio n  e rro r. As a m a tte r  o f fac t, the
57
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
tr ia n g u la t io n  stage c o n tr ib u te s  to  th e  ove ra ll e rro r  s ince the  a ccu racy  o f 
t r ia n g u la t io n  depends on th e  ang le betw een th e  p ro je c tio n  rays, as 
il lu s tra te d  in  F igu re  7.4. T h u s , th e  m ore  p a ra lle l the  p ro je c tio n  rays 
te n d  to  be, th e  la rg e r the  re c o n s tru c tio n  u n c e r ta in ty  reg ion  becomes.
F igu re  7.4; The shaded reg ions  re p re se n t th e  re c o n s tru c tio n  u n c e r ta in ty  
reg ion  w h ic h  grow s la rg e r as th e  ang le  be tw een th e  p ro je c tio n  rays
becom es sm a lle r.
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CHAPTER 8 
CO NCLUSIO N
In  th is  th es is , we have p resen ted  an  a lg o r ith m  fo r  h a n d  fea tu re  
e s tim a tio n  b y  m eans o f m a rk e r  c o lo r de tec tion  and  re c o n s tru c tio n  o f 
th re e -d im e n s io n a l C a rte s ia n  coo rd ina tes . B y  m eans o f  some 
c o m p u ta tio n a lly  inexpens ive  te ch n iq u e s , we w ere able to  e ffic ie n tly  and  
accu ra te ly  t ra c k  th e  m a rk e rs  on  th e  u s e r ’s h a n d  a nd  com pu te  th e  im age 
coord ina tes  o f th e  ce n tro id s  o f a ll th e  m a rke rs  on  the  glove a t every fram e  
(30 fps). F u rth e rm o re , th e  re s u lts  in  C h a p te r 7 show  th a t  o u r  
re c o n s tru c tio n  a lg o r ith m  p e rfo rm s  w e ll desp ite  severa l p o te n tia l sources 
o f e rro r. Hence, o u r  co lo r d e te c tio n  a nd  3D  re c o n s tru c tio n  a lg o r ith m s  
have p roven  to  be q u ite  ro b u s t a n d  precise, a llo w in g  u s  to  a c c u ra te ly  
m ode l the h a n d  v ia  o u r  re a lis tic  3D  h a n d  m ode l fro m  the  re c o n s tru c te d  
coord ina tes  o f th e  c e n tro id s  o f th e  m a rke rs . A ltoge the r, we have 
p resen ted an  a p p ro ach  to  m o d e lin g  a h a n d ’s m ovem ents. As o u r  
research  progresses, we hope to  m ore  com p le te ly  a p p ro x im a te  th e  h a n d ’s 
m o tio n  by  so lv in g  fo r  o cc lu s io n ; we a lso s trive  to  fu r th e r  reduce  the  
e rro rs  in c u rre d  a t each stage o f o u r  p ro je c t. We are co n fid e n t th a t  th is  
w o rk  n o t o n ly  de live rs  w h a t has  been dem anded  by  th e  r ig id
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spec ifica tion s  o f  o u r  p ro je c t, b u t  i t  a lso p resen ts  the  p o te n tia l fo r several 
e x c itin g  a p p lic a tio n s  in  th e  fie ld  o f C o m p u te r V is ion .
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APPENDIX A
EPIPOLAR G EO M ETRY 
A. 1 H om ogeneous C oord ina tes  
G iven a p o in t ( x , y )  in  the  p lane , its  hom ogeneous coo rd ina tes
[XpXjjXj] are a n y  th re e  n u m b e rs  fo r w h ic h  the  fo llo w in g  equa tions  ho ld ;
X, j  X,
—  = x and  —  = y.
X3 X3
In  o rde r to  see th e  co n n e c tio n  betw een th e  p o in t (x,,X2,x J  e and  the  
p o in t (x ,y) in  th e  p lane  w ith  hom ogeneous coo rd ina tes  [x,, x^, x j , le t us  
cons ide r th e  p lane  Z  = 1 in  space. T h u s , th e  p o in t (x,,X2 ,x J  in  space can 
be connected  to  th e  o r ig in  b y  a lin e  in te rs e c tin g  the  p lane  Z  = 1 a t the
p o in t w ith  p la n e  coo rd ina tes  o r hom ogeneous coo rd ina tes
X̂  Xg
[x ,,x ^ ,x j.
I t  is  im p o r ta n t to  no te  th a t  hom ogeneous coo rd ina tes  o f the  fo rm  (x,, x^, 0) 
fo r w h ic h  —  = Z , describe  th e  point a t infinity  in  th e  d ire c tio n  o f slope À .
X,
The point a t infinity  can  be th o u g h t o f as th e  p o in t o f in te rs e c tio n  o f tw o  
p a ra lle l lines.
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A n a logous ly , one can  ex tend  the  d e fin it io n  o f hom ogeneous 
coo rd ina tes  to  spaces o f h ig h e r d im en s ion s . In  th is  th es is , we w il l  
cons ide r th e  hom ogeneous coo rd ina tes  o f th e  th re e -d im e n s io n a l p o in t 
to  be [ % , y , Z , l f .
A. 2 R igh t-P seudo  Inverse 
S ince we are g iven a m a tr ix  A , w i t h n<m , a nd  fu l l  row  ra n k  n, the
system  A x  = b is  u n d e r-c o n s tra in e d . Therefore , its  s o lu tio n  space lies in  
a subspace S ç E ”" o f d im e n s io n  (m-n). Hence, in  o rde r to  m ake  the  
p ro b le m  w e ll-posed , we in tro d u c e  a re g u la riz e r (i.e., a cost fu n c t io n  th a t  
we w a n t to  m in im ize ). One obv ious cho ice o f a re g u la riz e r w o u ld  be to  
lo o k  fo r the  s o lu tio n  to  th e  g iven sys tem  th a t  is  c losest to  th e  o rig in . In  
th a t  case, th e  p ro b le m  o f so lv in g  A x  = b can  be res ta ted  as
“ F in d  m in llx l lg  su b je c t to  A x  = b .” (A.2.1)
AieR'"
We w il l  show  th a t  th e  s o lu tio n  to  (A.2 .1), and  th u s  to  A x  = b , is g iven by
x  = A ^ ( A A ^ y 'b  = A jb .  (A.2.2)
Proof:
First, let A  = be the Singular Value Decomposition
(SVD) o f A  [19]. Thus, U a n d  V are square, orthogonal matrices, i.e.,
U U'  ̂= U^U = f  , V = V^V = I„̂  , a n d  1.,^= diag{cr^,a2 ,  ,cr„) luith
ô  ̂ > ...>cr„ a nd  cr. ^  0 , l< z < n  (for the row-rank o f  a matrix is equal to the  
num ber o f non-zero singular values a n d  A  has row-rank n). Then,
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0] V^V S.
0
U " = U [E „ 0 ]7 „
0 (A.2.3)
w here 11̂  = diag(c7j , 0 -2 , .....,c r„). Therefore, A  A  is invertible; furthermore,
A A ^ is sym m etric and  positive-definite.
In order to solve  (A.2.1), w e can u se  Lagrange multipliers. Hence, w e  
introduce a new  variable X (the Lagrange multiplier), and  consider the  
function
h fx ,Z j = | | x [|2 + [Ax-  b) = X + (Ax-  b ) . (A.2.4)
The po in ts a t w hich  1 x  1  ̂ = x  x  is m inim ized are contained in the solution
dhse t o f  the equation  = 0 along w ith  A x  = b . Thus, since  —  = 2x^ + Z^A ,dh
6x Ô X
it fo llow s that
2 x ^ + Z ^ A  = 0
x " '= — A .
2
X = A ^ -
(A.2.5)
Thus, substitu ting x  in A x  = b , w e  obtain that b = A A " -
V 2y
AA  — . Then, 
2
given that A A ^ i s  invertible, it fo llow s tha t Z = 2 (A A ^ j b so tha t (A.2.2)
results.
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I t  is  im p o r ta n t to  no te  th a t  A \=  is  ca lled  the  right-pseudo
inverse  because A A \ = A A ^ ( ^ A A ^ y = I  . In  genera l, how ever, A \ A ^ I .  In  
fac t, A \ A  = I  i f f  a  is square  and  in v e rt ib le , in  w h ic h  case A\ = A  ' .
A .3 D e fin it io n  o f [y]^
G iven y = {yx,y2 , y i f , the  m a tr ix  [y]^ is  de fined  by
H x  =
0 -^3 Zz
0 -y ,
-Zz y  0
C learly , [y]^ is  s ke w -sym m e tric  - in  fac t, a.j =-a,.. fo r a ll \ < i , j  <3 - a nd  
s in g u la r. M oreover, i f  z = (z,,22,23)^ is  a n o th e r 3D  vecto r, i t  fo llow s th a t
a nd
y x 2 = [y ]^ 2 , (A.3.1)
w here  x rep resen ts  th e  cross p ro d u c t ope ra to r.
There fore , re fe rr in g  b a ck  to  (3.10), s ince  f   ̂ ^  p,
C, = ^2, one o b ta in s
( «  =  ( f  '  c ,  )  X h »  ( ( f  ) '  p ,  ) 1 .  X ( p :  ) '
(C.3.1)
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A .4 D e riv a tio n  o f the  F u n d a m e n ta l M a tr ix  in  Term s o f th e  P ro jec tion
M a trice s  a nd  P^
B y  (3.13), we k n o w  th a t  F = . G iven th a t  the  g loba l o r ig in  is
set to  be a t th e  o p tic a l cen te r o f cam era  1, C j, a nd  , we o b ta in
th a t
R t
V 1 y
=  K ^ t . (A.4.1)
Then,
However, by  a lgeb ra ic  m a n ip u la tio n , i t  can  be show n  th a t  fo r a n y  m a tr ix  
A,
[Ax)y.[Ay)=kA^ [x-xy) ,
fo r a ll x,y  a n d  fo r  som e sca la r k . In  p a r t ic u la r ,  s ince  the  above e q u a lity  
is  v a lid  fo r a ll y, i t  fo llow s th a t
[ A x \ A ^ k A ' ^ [ x \  .
T h u s , re tu rn in g  to  (A .4.2), a n d  re c a llin g  th a t  th e  effects o f  the  
fu n d a m e n ta l m a tr ix  are n o t a ffec ted  b y  sca la r fac to rs , we have th a t
(A.4.3)
M oreover, fro m  A p p e n d ix  B .2 , we k n o w  th a t  ( p 'y = ( P ’ j , so
th a t
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Then,
-1
1̂x3 ,
I 3
0U3.
I 3
O1.3.
I 3
Olx3.
{K^
0
^3 I ®3xl
'1 x3
( X - ) '
K ' j  K ' ( k ' )  
K')’ (K 'Y (K'Y
i
is invertib le
1x3
'1 x3
(K')-'
01x3
(A.4.4)
(A.4.5)
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APPENDIX B
IM A G E  PROCESSING
B . l  Im age E q u a liz a tio n  
A n  im age can  be cha rac te rized  based on  s ta tis tic s  derived fro m  the  
e n tire  set o f c o n s titu e n t p ixe ls . The set o f d e sc rip to rs  th u s  ob ta in e d  is 
re fe rred  to  as g loba l fea tu res  o f the  im age. U su a lly , these fea tu re s  are 
ob ta ined  v ia  th e  s tu d y  o f an  in te n s ity  h is to g ra m  o f th e  im age [10, 11, 12].
The im age in te n s ity  h is to g ra m  is  a  p lo t th a t  show s the  n u m b e r o f 
im age p ixe ls  th a t  d is p la y  each o f the  poss ib le  d isc re te  in te n s ity  va lues. 
Therefore, in  o rd e r to  c o n s tru c t an  in te n s ity  h is to g ra m , each c o n s titu e n t 
p ixe l is  exam in ed  so th a t  its  in te n s ity  va lue  can be de te rm ined . Then , we 
c o u n t the  n u m b e r  o f p ixe ls  d is p la y in g  each o f th e  poss ib le  va lues. W hen 
p lo tt in g  th e  h is to g ra m , each in te n s ity  va lue  is  rep resen ted  b y  a 
h is to g ra m  b in  w hose  w e ig h t rep resen ts  th e  n u m b e r o f  p ixe ls  d is p la y in g  
th a t  in te n s ity . S ince we are w o rk in g  w ith  RGB im ages, the  h is to g ra m  is 
o b ta ined  by  se pa ra te ly  c o m p u tin g  an  in te n s ity  h is to g ra m  fo r  each o f the  
m onoch rom e  ba n d s  (i.e., th e  red , green and  b lue  bands), as show n  in  
F igu re  B . l .
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k
(a) (b)
F igu re  B . l :  (a) O rig in a l Im age, (b) C o lo r H is to g ra m  o f  th e  im age in  (a).
B y  u s in g  a h is to g ra m , one can  e x tra c t va lu a b le  in fo rm a tio n  re g a rd in g  
th e  g loba l fea tu re s  o f the  im age. Indeed , one o f the  ve ry  u s e fu l fea tu res  
o f a h is to g ra m  is th e  range o f in te n s ity  levels, w h ic h  is de fined  as the  
d iffe rence  betw een the  m a x im u m  a n d  the  m in im u m  p ixe l va lues  
rep resen ted  in  th e  h is to g ra m  a nd  re fe rre d  to  as th e  D ynam ic Range. T h is  
in fo rm a tio n  can  be used, am ong  o th e r th in g s , to  enhance the  q u a lity  o f 
th e  im age, fo r  exam ple , b y  in c re a s in g  th e  v is u a l c o n tra s t o f an  im age in  a 
des igna ted  in te n s ity  range  o r ranges. In  fac t, the  h is to g ra m  o f the  im age 
can  be tra n s fo rm e d  so th a t  th e  new  h is to g ra m  re flec ts  the  changes in  
co n tra s t in  th e  range  o f in te re s t.
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D e fin it io n :
We define  th e  c o n tra s t va lue  C(x,y) a t p ixe l (x,y) as the  d iffe rence  
betw een its  in te n s ity  va lue  I(x,y) and  th e  average b a c k g ro u n d  in te n s ity  I  
n o rm a lize d  b y  th e  fu l l  in te n s ity  range; th a t  is,
m ax
T hu s , in  o rd e r to  enhance  the  c o n tra s t o f the  im age, we m u s t s tre tc h  the  
occup ied  in te n s ity  range.
G iven th a t  o u r  goa l is  to  fa c ilita te  the  co lo r d e tec tion  b y  e n h a n c in g  the  
c o n tra s t o f th e  im age, a  s tra ig h tfo rw a rd  app ro ach  to  the  h is to g ra m  
tra n s fo rm a tio n  is  needed. F o r th a t  reason , the  so -ca lled  H is to g ra m  
E xp a n s io n  tra n s fo rm a tio n  w as chosen [11]. T h is  is th e  m o s t 
s tra ig h tfo rw a rd  a n d  conse rva tive  o f th e  tra n s fo rm a tio n s , a nd  i t  b a s ica lly  
s tre tches  th e  nonzero  in p u t  in te n s ity  range, [x^,„,x^^], to  an  o u tp u t
in te n s ity  range  [0,y^^]. Hence, each in te n s ity  va lue  x is  m apped on to
the  new  range b y  m eans o f th e  fo llo w in g  lin e a r  m a pp ing :
^m a x  ^ m in
T h is  m a p p in g  increases th e  c o n tra s t w ith o u t m o d ify in g  th e  shape o f the  
o r ig in a l h is to g ra m . H owever, som etim es th e  low est a n d  h ig h e s t occup ied  
h is to g ra m  in te n s ity  b in s  can  be close to  th e  m in im u m  a n d  the  m a x im u m  
o f th e  fu ll range , y e t th e  im age has lo w  co n tra s t. In  s u ch  a  case, a 
s im p le  H is to g ra m  E x p a n s io n  w i l l  n o t prove effective. N everthe less, a
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s u ita b le  m o d if ic a tio n  o f the  expans ion  can be in tro d u c e d  in  o rd e r to  
overcom e th is  d iff ic u lty .  In  fac t, i t  is  s u ffic ie n t to  in c lu d e  a u se r-d e fin e d  
c u t-o f f  va lue  p  so th a t  p % o f the  range  is  th e n  expanded over the
d yn a m ic  range. In  th e  im p le m e n ta tio n  o f th is  te ch n iq u e , a nd  x^^ are 
n o t the  a c tu a l m in im u m  a nd  m a x im u m  in te n s ity  va lues p resen t in  the  
o r ig in a l im age. Ins tead , we have new  va lues a nd  th a t  are
de te rm in e d  a cco rd in g  to  the  fo llo w in g  fo rm u lae :
, Dynamic Range
4 i n  = ^ m i n + 0 - P * 0 . 0 1 )  
4ax = ^ m « -( l-P *O .O I)
2
^ Dynamic Range
w here  Dynamic Range is  th e  d yn a m ic  range  o f th e  o r ig in a l im age. The 
effects o f th e  H is to g ra m  E xp a n s io n  on th e  im age in  F igu re  B . l  (a) can  be 
seen in  F igu res  B .2  and  B .3  w here  d iffe re n t c u to ff  va lues  w ere chosen.
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(a) (b)
F igu re  B .2 : (a). Processed im age (/? = 85). (b). E xpanded  h is to g ra m s  o f
th e  m o d ifie d  im age.
IrtensilYIntensity
IfiensttY
(a) (b)
F igu re  B .3 : (a). Processed im age (p = 15). (b). E xpanded  h is to g ra m s  o f
th e  m o d ifie d  im age.
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I t  is  c lea r th a t  a fte r th e  H is to g ra m  E xp ans ion , th e  co lo rs  on  th e  
m a rke rs  appear sh a rp e r a n d  r ic h e r  th a n  in  the  o r ig in a l im age w h ic h , in  
tu rn ,  c le a rly  im p roves  th e  pe rfo rm an ce  o f th e  co lo r id e n tif ic a t io n  
a lg o rith m .
B .2  C r ite r ia  fo r  th e  S e lection  o f S trong  C a nd ida tes  
G iven th a t  in  th e  in it ia l iz a t io n  o f th e  tra c k in g  phase th e  search  fo r  the  
m a rke rs  is pe rfo rm e d  w ith o u t  a n y  type  o f in fo rm a tio n  as to  th e ir  
w h e re abou ts , we m u s t ensu re  th a t  we can  su cce ss fu lly  de tec t the  
c o n s titu e n t p ixe ls  o f each m a rk e r. T hu s , w h en  a p ix e l has been detected  
to  be o f one o f th e  co lo rs  o f in te re s t (red o r green), we do n o t ensue w ith  
the  loca l search  process u n le ss  we are c e rta in  th a t  th e  p a r t ic u la r  p ixe l 
has the  p o te n tia l to  be long  to  a  m a rk e r. Hence, we in s p e c t a ll the  
im m ed ia te  p ixe ls  s u r ro u n d in g  i t  (F igure  B .2 .1 ); a n d  o n ly  w h e n  a ll o f  
those are o f the  sam e co lo r as th e  p ixe l detected, we la b e l i t  as a s tro n g  
cand ida te .
/ --------   Pixel of in terest
#  # / #
F igu re  B .4 : The b lu e  do ts  re p re se n t th e  n e ig h b o rin g  p ixe ls  th a t  are 
inspected  in  o rd e r to  d e te rm in e  w h e th e r th e  p ixe l o f  in te re s t (b lack  dot) is 
a s tro n g  ca n d id a te  d u r in g  th e  in it ia l iz a t io n  o f  the  t ra c k in g  phase.
O n the  o th e r h a n d , g iven th a t  in  th e  t ra c k in g  phase  th e  de te c tio n  o f 
the  m a rke rs  is  based on p re v io u s  know ledge  o f th e ir  lo c a tio n  (from
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p rev io us  fram es), we can  re la x  th e  re q u ire m e n ts  fo r a p ix e l to  be a s tro n g  
cand ida te . In  fac t, th e  s m a ll d isc rep ancy  betw een fram es a long  w ith  o u r  
co lo r id e n tif ic a t io n  a lg o r ith m  a llow s us  to  a ccu ra te ly  p re d ic t th e  lo c a tio n  
o f the  m a rk e r  in  th e  fram e  be ing  processed.
In  th e  w o rs t-ca se  scena rio , the  p red ic te d  p o in t w i l l  lie  on  th e  edge o f the  
m a rke r. T h is  s itu a t io n  c o u ld  n o t have been a llow ed in  th e  in it ia liz a t io n  
phase g iven th a t  we la cked  in fo rm a tio n  (at th a t  stage) to  assure  us  o f the  
s u ita b il ity  o f th e  p ixe l. However, in  the  tra c k in g  phase, we are c e rta in  
th a t  the  p ixe l lies  on  a m a rke r. Yet, we gua ran tee  i t  b y  in s p e c tin g  some 
o f its  s u r ro u n d in g  p ixe ls . As m e n tio n e d  before, s ince  i t  is  poss ib le  to  
have the  p re d ic te d  p o in t lie  on  th e  edge o f the  m a rk e r, i t  w i l l  n o t be 
feasib le  to  re q u ire  th e  p ix e l to  be s u rro u n d e d  b y  e igh t p ixe ls  o f its  sam e 
co lo r as in  F igu re  B .4 .; th u s  th e  c o n d it io n  we im pose  is th a t  i t  is 
s u rro u n d e d  b y  a t le as t fo u r  p ixe ls  o f its  sam e co lo r as dep ic ted  in  F igu re
B .5 . In  fac t, th e  p ix e l u n d e r obse rva tion  is  labe led  as a s tro n g  cand ida te  
i f  th ree  o f th e  fo u r  p ixe ls  re q u ire d  lie  to  o n ly  one o f th e  s ides o f the  do tte d  
lin e  (b lue dots), w hereas  th e  re m a in in g  is a ny  (or bo th ) o f  the  p ixe ls  ly in g  
a t th e  ends o f th e  d iv id in g  segm ent (orange d o ts ).
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m e #  # e e e # e
i
#  #  #  #  #  #  — ^  #
:
# #» <8» 0  ̂ # # # e e e $ e
F igu re  B .5 : Cases cons ide red  w h en  in s p e c tin g  a p o te n tia l s tro n g  
cand ida te  (b lack  dot) d u r in g  th e  tra c k in g  phase.
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APPEN D IX  C
ROTATIONS IN  TH R E E  D IM EN SIO N S 
A  ro ta tio n  in  th re e  d im e n s io n s  can  be viewed as a ro ta tio n  a ro u n d  the  
th ree  m a in  axes, th a t  is , th e  X , Y a nd  Z axes. W hen co n s id e rin g  one o f 
these m a in  axes to  be th e  ro ta tio n  ax is , the  p ro b le m  resem bles th e  tw o  
d im e n s io n a l case. T h u s , w h e n  co n s id e rin g  the  ro ta tio n  a ro u n d  th e  X  
axis, o n ly  th e  Y a nd  Z coo rd in a te s  need to  be u p d a te d  (see F igu re  C . l) .
A  Z
F igu re  C . l :  R o ta tio n  a b o u t the  X  axis.
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In  fact, fro m  F igu re  C. 1 i t  fo llow s th a t
X  =  X
y ' = co s (a  + y ) ,  
z' = s in (a  + y)
(C .l)
and
X  =  X
y  = c o s (y ), 
z = s in (y )
However, fro m  (C .l) ,  we have th a t
y ' = c o s (a )c o s (y ) - s in (a )s in (y )
and
z' = s in (a )s in (y )  + c o s (a )c o s (y )
(C.3)
(C.4)
Then, c o m b in in g  (C.2) -  (C.4), we o b ta in
y ' = y  • cos (a )  -  z • s in (a ) . 
z' = z -c o s (a )  + y  •s in (a )
(C.5)
T hu s , the  e q u a tio n s  in  (C.5) can be expressed m a tr ic ia l ly  as fo llow s;
(®)-
1 0  G O
0 cos (a )  -s in (a )  0 
0 s in (a )  cos (a ) 0
G O  G 1
(C.6)
The m a tr ix  in  (C.6) is  re fe rred  to  as the  m a tr ix  o f ro ta t io n  a b o u t th e  X  
axis b y  an  ang le  a . Note th a t  (a )  is  expressed u s in g  hom ogeneous
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coo rd ina tes  (A ppend ix  B . l) ,  fo r  th is  type  o f re p re se n ta tio n  is o f  extrem e 
im p o rta n c e  w h e n  w o rk in g  w ith  th e  O penG L g ra p h ic  engine.
In  a s im ila r  fa sh io n , one can  derive  th e  respective  m a trice s  o f ro ta tio n  
a b o u t the  re m a in in g  axes, nam e ly .
R,(P)
cos(P) 0 -s in (p ) 0
s in (p ) 1 cos(P) 0
0 0 0 0
0 0 0 1
(C.7)
and
cos((p) -s in((p) 0 0
sin((p) cos(cp) 0 0
0 0 1 0
0 0 0 1
(C.8)
T h u s , i f  o u r  goa l is  to  p e rfo rm  a ro ta tio n  o f  degrees a ro u n d  th e  X  axis 
fo llow ed b y  a  ro ta t io n  o f degrees a ro u n d  the  Y axis, a n d  f in a lly  ro ta te  
i t  a l l by  degrees a ro u n d  th e  Z  ax is , th e n  o u r  to ta l ro ta tio n  m a tr ix  is 
g iven by
R ) = Rz ) Ry ) Rx ), (C.9)
w here  Rx ( ^ x ) » R y (<̂ y )? and  Rz(^Z^z) are th e  m a tr ice s  in  (C.6), (C.7) and
(C.8), respective ly .
I t  is  c ru c ia l to  no te  th a t the  o rd e r o f  the  op e ra tio n s  in  (C.9) is  o f  
extrem e re levance. In  fac t, th e  o rd e r o f the  fac to rs  w i l l  s ig n if ic a n tly  
change the  ou tcom e. There fo re , one m u s t k n o w  th e  o rde r o f  th e
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ro ta tio n s  to  p e rfo rm  p r io r  to  co m p u tin g  th e  to ta l ro ta tio n  m a tr ix  
r ( ^ x ’ ^ y ’ ^ z ) o rd e r to  a d ju s t th e  fac to rs  in  (C.9).
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